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Abstract

We study mean field portfolio games under Epstein-Zin preferences, which naturally encompass
the classical time-additive power utility as a special case. In a general non-Markovian framework, we
establish a uniqueness result by proving a one-to-one correspondence between Nash equilibria and the
solutions to a class of BSDEs. A key ingredient in our approach is a necessary stochastic maximum
principle tailored to Epstein-Zin utility and a nonlinear transformation. In the deterministic setting,
we further derive an explicit closed-form solution for the equilibrium investment and consumption
policies.

AMS Subject Classification: 93E20, 91B70, 60H30

Keywords: Epstein-Zin utility, mean field game, stochastic maximum principle

1 Introduction

In their seminal paper [10] Epstein and Zin developed a class of recursive preferences over intertemporal
consumption lotteries that permit risk attitudes to be disentangled from the degree of intertemporal
substitutability. Utility optimization problems with Epstein-Zin preferences have since been analyzed in
various settings by many authors, including [7, 19, 27, 30, 31, 33].

In this paper we consider a class of mean-field portfolio games under Epstein-Zin utility with relative
performance concerns in a general stochastic framework. Mean field games (MFGs) are a powerful tool
to analyze strategic interactions in large populations when each individual player has only a small impact
on the behavior of other players. Introduced independently by Huang, Malhamé and Caines [22] and
Lasry and Lions [25], MFGs have been successfully applied to many economic and engineering problems
ranging from optimal trading under market impact [13, 17, 16] to risk management [2], and from principal
agent problems [9], to optimal exploitation of exhaustible resources [3, 18].

Mean-field portfolio games with relative performance criteria where all players trade a common stock
were first analyzed by Espinosa and Touzi [11]. In a complete market setting, they established the
existence of a unique Nash equilibrium for general utility functions; in an incomplete market settings
with player-specific portfolio constraints, they proved the uniqueness under exponential utility. Frei and
dos Reis [12] addressed the existence of equilibria in similar games. By leveraging the DPP from [11],
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they established a one-to-one correspondence between Nash equilibria and solutions to a multidimensional
backward stochastic differential equation (BSDE) of quadratic growth and constructed a counterexample
to show that equilibria in games with performance concerns may not exist. Lacker and Zariphopoulou
[24] later considered a model where different players trade different stocks whose price dynamics is
correlated through a common noise process. They identified a unique constant equilibrium in a time-
homogeneous setting. Following up on these works, portfolio games with time-additive utilities have
been extended my many authors to an array of different settings. dos Reis and Platonov [5] studied a
portfolio game with forward utility. Fu and Zhou [14] extended the framework of [24] to a general non-
Markovian setting. They established a one-to-one correspondence between Nash equilibria and BSDEs
by extending the DPP in [11], thus obtaining existence and uniqueness of equilibria using BSDE theory.
Hu and Zariphopoulou [20] analyzed equilibrium in an Ité-diffusion environment. Liang and Zhang [26]
investigate a time-inconsistent portfolio game with exponential utility and non-exponential discounting.
Models incorporating both investment and consumption are studied in [6, 15, 23].

To the best of our knowledge, portfolio games with Epstein-Zin preferences and performance concerns
have only been studied in [4, 32]. We establish an existence of equilibrium result for such games with
deterministic, though possibly time-varying model parameters, and a uniqueness of equilibrium result
for general stochastic settings. Specifically, we prove that Nash equilibria in mean-field portfolio games
with Epstein-Zin preferences are uniquely characterized in terms of a solution to a certain quadratic
BSDE. Similar characterization results are often implicitly assumed - though rarely proved - in the
literature. For instance, [4] proves the existence of a unique simple equilibrium assuming that optimizing
the Epstein-Zin utility index is equivalent to optimizing the driver of some BSDE. This is not always the
case, though; counterexample can easily be constructed. Our uniqueness result shows that the simple
equilibrium obtained in [4] is indeed the unique bounded equilibrium.

The fact that any solution to a certain BSDE yields a Nash equilibrium is established using the martingale
optimality principle (MOP). This approach is consistent with the methodology adopted in prior works
such as [14, 15], and extends results in [21] beyond the benchmark case of time-additive utilities and
results in [33] to models with mean-field interaction.

The fact that any Nash equilibrium must satisfy the BSDE arising from the MOP uses a novel stochastic
maximum principle tailored to the Epstein-Zin setting. The key observation is that stochastic control
problems involving Epstein-Zin preferences naturally lead to an FBSDE system as their state dynamics.
Crucially, the driver of the BSDE component characterizing Epstein-Zin utility is not Lipschitz (see e.g.
[8] for the maximum principle for recursive utilities with Lipschitz drivers) which prevents us from using
established stochastic maximum principles for FBSDEs.

To connect the adjoint processes arising from the stochastic maximum principle with the desired BSDE
characterization, we introduce a nonlinear transformation that maps the adjoint processes to a candidate
process Y, which we expect to solve the targeted BSDE. Subsequently we demonstrate that the difference
between the Epstein-Zin utility associated with the optimal investment—consumption strategy and a
certain process involving the optimal wealth and the transformed process Y satisfies a linear BSDE
with zero terminal condition. This crucial step confirms that the candidate process Y coincides with
the solution to the BSDE arising from the MOP, thereby establishing a one-to-one relation between the
Nash equilibrium and the solution to certain BSDE.

To complete the necessary part of our characterization result, we also need to make sure that the space
of the equilibrium strategies and the solution space of the BSDE also correspond to each other. This is
done with the help of the explicit expression for a class of linear BSDEs established in [1].

The remainder of the paper is organized as follows. Section 2 recalls both the single player benchmark
model with Epstein-Zin utility along with its game-theoretic extensions. Section 3 establishes a one-to-
one correspondence between the Nash equilibrium and the solution to a certain BSDE. The sufficient



condition—showing that a solution to the BSDE yields a Nash equilibrium—is presented in Section 3.1.
The necessary condition—showing that any Nash equilibrium must correspond to a BSDE solution—is
developed in Section 3.2. The uniqueness of the Nash equilibrium result is established in Section 4. In
Section 5, we provide a closed-form expression for the equilibrium investment and consumption strategy
in a deterministic setting.

2 The mean field game with Epstein-Zin utility

In this section we recall the benchmark model of a single player optimization problem with Epstein-Zin
preferences along with a game-theoretic extension with performance concerns.

We fix a common time horizon [0,T] for all investors and assume that all random variables are de-
fined on a filtered probability space (2, F, (Ft)iepo0,1,P) that carries independent Brownian motions
WO, Wl ... WH for some N € N. The Brownian motions W1, --. W capture idiosyncratic noises in
an N-player model while the Brownian motion W captures a common noise shared by all agents.

2.1 Single agent benchmark model

In a single agent benchmark model the agent can invest in a risk-free asset that pays interest at rates
(r¢) and in a risky asset whose price process (S;) follows the stochastic differential equation (SDE)
ds,

< - Rydt + o dW} + oddWy,  t€]0,T).
t

Standing Assumption. The processes (r;), (R;), (0;) and (o)) are progressively measurable and
bounded.

We denote by II = (II;) and C = (C}) a pair of progressively measurable processes that represent the
investor’s investment strategy and consumption plan, respectively. Specifically, II; denotes the amount
of money invested in the risk stock and C; denotes the amount of money consumed at time ¢t € [0, T].
The corresponding wealth process X™¢ then evolves according to the SDE

dXMC = X[C dt + by dt + oy AW, + w0 dWP — Cydt,  t€[0,T).

In a model without mean-field interaction the dynamics of the investor’s Epstein-Zin utility from con-
sumption is given by

T
Vi =R [ / F(Cs, V) ds + al (X7)
t

]-"t] ) t €10,T], (2.1)

where it is assumed that all wealth is consumed at the terminal time, and where the aggregator function
f:1]0,00) X (—00,0] — R is given by

5017% 1 ~ ~ 1-—
fle,) = T {(1 =)o} 78 — v, 6= — T (2.2)
P P

Here § > 0 represent the discount rate, v > 0 specifies the relative risk aversion, 1) > 0 represents the
elasticity of intertemporal substitution (EIS), @ > 0 is a rate of bequest, and the bequest function U is
of power type, i.e.

Uz) = : (2.3)



Standing Assumption. We assume throughout this paper that!

Yy=>21, =1 (2.4)

2.2 Game theoretic extensions

The single agent model models with Epstein-Zin preferences has recently been extended to multi-player
models and MFGs with relative performance concerns by [4]. Following their approach we consider an N-
player model where all player share identical Epstein-Zin preferences, and where each playeri =1,--- | N
can trade a risk-free bond and a risky stock whose dynamics is given by

ds:
S

= Ridt + oldW; + o dw),  t€[0,T]

The wealth dynamics is defined as in the single player case. Accounting for relative performance concerns
we denote by
T ~oT
=] , Xie= XY . telo,T).
JFi j#i
the ergodic average consumption and wealth, respectively, of player i’s competitors and consider utility
functionals of the form

Ve — g [ / Fi(CL(CE) 0 VIC) ds + ;U (XTHC X)
t

ft] , t €[0,T], (2.5)

where f; and U; are defined as in (2.2) and (2.3), with 6, 1 and v replaced by &;, ¢ and ~¢, respectively.

Remark 2.1. We refer to [4] and references therein for a detailed economic motivation of the above
preference functional. We emphasize, though, that our approach differs from [4] in one important as-
pect. In [4] the authors benchmark own consumption and wealth of each player against the ergodic

1 1

averages (H;V:I CI ) " and (Hj\[:l X7 ) Y In particular, own consumption and wealth is included in
the benchmark. We believe that our approach of only considering average consumption and wealth of
competitors captures better the idea of relative performance concerns. For time-additive utilities, the
two approaches result in equivalent optimization problems, as the problems can be transformed into each
other by adjusting model parameters such as the risk aversion coefficient and the competition parame-
ter; see [24, Remark 2.5] for details. For Epstein-Zin utilities, such parameter distortions lack economic
intuition/justification and the two approaches may be no longer equivalent (except in the limit when the
number of players tends to infinity).

To study the MFG version of the N-player model we fix an F°-progressively measurable stochastic
process ¥ = (1) (“mean field externality”) that captures the impact of aggregate intertemporal and
terminal consumption on a representative player’s utility. Specifically, in the MFG the representative
investor’s utility from consumption is then given by

T
VO =E l / F(Cw 0 VICY ds + aU (X “v7?)
t

]-'t] , t €10,T]. (2.6)

In what follows an investment-consumption pair (II,C) is called admissible if it satisfies the following
properties (cf. [31]):

ITechnically, our results also hold under the conditions ¥y < 1 and v < 1. However, the empirically relevant regime is
1 > 1 and v > 1; see [33]. The choice in (2.4) allows for a unified treatment of Epstein-Zin and power utility.



e the wealth process X'™C is a.s. strictly positive at all times and all terminal wealth is used for
consumption, i.e. X7 = Crp;

e the consumption process C is a.s. strictly positive, and E [fOT C’tB dt + C&B« < oo for all g € R;

e the investment process II belongs to L.

The set of admissible investment-consumption pairs is denoted A and the representative investor’s opti-
mization problem is then given by

T
(Hsg)p AVOH’C = (Hsg)p AE [/0 f(Cov? VILC) ds + aU(XQI}’Cz/;g)] . (2.7
,C)e C)e

Let (C*(v),1I*(v)) be an optimal consumption-investment pair, given v, with corresponding wealth
process X*(v). In a mean-field equilibrium the expected optimal consumption and wealth processes
coincides the “anticipated” externalities.

Definition 2.2. An F°-progressively measurable stochastic process v* = (v;) forms a mean-field equi-
librium if a.s.
vy =E[C;(v")|F)), 0<t<T, and U} =E[X;(")|FP]

where §A := log ¢ denotes the logarithm of a strictly positive random variable €.

In what follows we prove that at most one (in a certain class) mean-field equilibrium can exist under our
standing assumptions. For the special case of deterministic model parameters we subsequently prove the
existence (and hence uniqueness) of an equilibrium. Having solved the MFG, solving finite player game
requires only minor adjustment of previously given arguments.

3 Characterization of mean-field equilibria

In this section we establish our characterization of equilibrium result. We prove that any mean-field
equilibrium satisfies a certain BSDE and that, conversely, any solution to the said BSDE yields a mean-
field equilibrium.

3.1 From BSDE to Nash equilibrium

To identify the FBSDE system and subsequently the BSDE that any mean-field equilibrium must satisfy
we first solve the representative investor’s optimization problem for any fixed externality using the
martingale optimality principle. Subsequently, we solve the fixed-point problem to characterize MFG
equilibria.

3.1.1 Optimization

To solve the representative investor’s utility optimization problem for a given externality, we introduce
the auxiliary process

1—y
X, oY

RH,C:
t al—fy

t 1—~
+/ f <C’Sys‘9,aXS eYs) ds, t € 0,71, (3.1)
0 1—x



where Y denotes the first component of the (unique) solution to a BSDE of the form
—dY; = gidt — Z, AWy — Z0 dW?,  Yp = —60(1 —v)logvr, (3.2)

where the driver g is to be determined such that the following conditions are satisfied:

e for each admissible investmet-consumption pair (II, C') the process R™C is a supermartingale,
e for some admissible investmet-consumption pair (II*, C*) the process RM"-C" is a martingale,

e the initial values Rgl’c are independent of the choice of (II, C).

The following remark justifies our approach. It shows that under the above assumptions, the pair (IT*, C*)
is an optimal strategy.

Remark 3.1. From the definition of the utility processes V"¢ and R™C we know that

e the process V" + fot f(Csv7% VIO ds is a local martingale

X} t _ X7 . .
e the process af_—,yeyi + fo f(Cw7f o j— e¥+)ds is a local supermartingale,

and that e

yILe _ (X )

T T
1—~

Yr

Thus, by the comparison principle in [33, proof of Proposition 2.2, Step 3], it holds that
XI'I,C 1—v

)

I—n
Since the left-hand side of the above inequality is independent of (II, C) at time ¢ = 0 we see that

e >V teo,T).

1—y
z I
>sup Vj C,
-7 1.c

(67

Since R™:C" is assumed to be a martingale, the following equality holds for some process (Z,2°):

XH*,C* 1—v t XI,C"y1—y t t
agem —|—/ f <C:V;9,a(5)eyb'> ds :/ Zs dWy —l—/ Z0dw?, telo,T).
-~ 0 L—n 0 0

It follows that the process
* O
Q(X et oY
L —v
satisfies the recursive utility equation. As a result,
XH*,C* 1—~
& 7 ) t1 ) e, telo,T).
-7
o*

In particular, VOH*’ = a%eyﬂ from which we conclude that (IT*, C*) is an optimal strategy.

I*,c*
AR

It remains to determine the driver g of the BSDE (3.2). By It6’s formula,

1—
a2 )
11—+~

Xl—’Y 72 70)2 Xl—’Y Xl—’Y
= 7t et (—gt—i—t *(Z) ) dt + =t—e" Z, dW, + ——e" 2 aWy
- L=~ -y

2
t e {rtth‘W FILh XY — CoX,T — %Xt_l_'yﬂf(of + (03)2)} dt

+ eV X, L (0 AWy + o dWY)
+ eV Z, X Mo dt + ¥ ZP X, "T,0? dt,



from which we see that

m,c
d(R;™%)
Xl—'y ZQ ZO 2
X v {—gt Il o
1—7v 2
11 Ci I, 042 1T ol o
+(1—’Y)(Tt+Xft*ht— Z_gfg(gt + (o) )‘f'ZtZUt"’Zt Zat) dt

1=y

X, - X _
+ (1 L e¥Z, e X, VHtat> AW + « <1tveYtZtO +eVr X, VHm?) dwy

3(Cv;0)' =7 N I .
+ Cor 1) ¥ 3 {oth1 Weyt} Y fha=t—eYt ) dt.

The driver of the above BSDE is strictly concave in the investment-consumption pair (II;, Cy). Setting
its partial derivatives w.r.t. II; and C; equal to zero, the poinwise maximizer is given by

h Z 070
= —’—Z——’_U.”X =X

Y(0? + (09)?) (3.3)
cr = 57’&(V79)¢71(OL€Y)_%X =c"X.

*

Taking these quantities back into the driver of R™C and letting
2P+ (29)? 1—v(h+0Z+0°2°)?2
o 2 2y 02+ (00)2
1-— oy ~
+ 7’751&(1/—9)1#—1(0[61/) i 0
P —1
we see that the driver of the BSDE (3.1) vanishes for the pair (IT*, C*) and is non-positive for any admis-
sible pair (I, C'). Thus, the process R ¢ is a martingale while the process R is a supermartingale
for any admissible strategy.

+(Q=7)r+
(3.4)

3.1.2 The fixed point condition

The fixed point condition reads
Py =E[E|F) +EX;|F), 0<¢<T, and ;= E[XF[FY,

where the process ¢* is determined in (3.3). In particular, ¢ = 1 for any admissible consumption plane
C*. Moreover, for 0 < t < T, in view of the optimality condition (3.3) the equilibrium consumption
process satisfies

cf = §Ve 0 -1)log; (aen)f% _ (;we—@(w—l)E[?Z\f?]e—ew—l)EP?ZIF?](aeYt)f%’ (3.5)

which implies that the conditional expectation E[¢}|Fy] satisfies the equation

E[EF9) = Eflogd] — E0(6 — VJE[G|FY) — E[0( — DIELK;|FY] — E [?g log a} _E [;{iy f?] |
Thus,
B 179 = 1 o) Bl o8] — BB - DIBLRII) - B | Sloga] — & | £xi| 7| |
and so
;= E[X;|F)) +E[E|FY)
B 1 sl —E 1 lonal — &Ly |50 1 S0 (36)
= TTEp@ 1) {E“’“ 5 E{al : } E[a“ ftH*1+E[e(w—1>]E[Xt'ft]‘




Define N
Y =Y +60(1 - 9)E[X*|F.

This process satisfies the backward equation with zero terminal condition
~ T 1
Tim —00-) [ B [nbmih - - e+ 02)
t

T 2 0 0~70\2
A Z0 1=~ (hs+05Zs+0Z
+/ { 2+ (29)? =)+ v (hs + 0525 + 0, Z)
t

.7:2] ds

2 02
L 2 2 0%+ (09) 3.7)
¥ 01 (ne¥s) "5 _ 54
+¢_15( o (ae’™)" % 59}d5
T T
_/ Z, W, —/ {29 + (1 — 7)E[x? 0| F]} aw?.
t t
To bring this equation into standard BSDE format we set
~ ~ h+0Z +0°2°
Z:=27 7% =24+ 001 - y)E[r* e’ |F 1= 2° +0(1 —y)E | —————>—0"| F° .
, R R R e A
where the second equality is equivalent to
070
00— E | | A
2" =2 - {9(;(7):(0)2) } (8:9)
1+E | 2055 | 7]
Moreover, using the definition of Y, the equalities in (3.5) and (3.6) imply that on [0, T")
¢ =a 9exp< 9(1#—1)17—% )
-2 O(y — 1) Y 0(y —1) Y Vv
=% Zexp(— E[¢logd] —E |=loga| 3 + ————~——F | ZY| F°| - 2V
o A R AL ey b 0
Oy —1) { [1/) ] {dﬁ‘ 0}} ¥ ¢~>
=exp|—————"——<E[¢logé] —E |=loga| —E | =Y | F +1logd — =loga— =Y |.
P (-1 Bl 2oy {ElVeel B [l ; plogd = Glosa =5
(3.10)

Taking the first equality in (3.8) and (3.9) into the first equality in (3.3), we get the equilibrium investment
process

~ ~ o (h+0Z+5°2Z°
h+oZ + o920 000(1 - V)E [ ,(Y(;z_,_(:o)z*) ) F

= 2 0y2) -
) (e

*

0] (3.11)

7))

Taking the first equality in (3.8) and (3.9) into (3.7), we get

T

Y, = —9(1—*y)/T [rs|]-']ds+/T{(1— )rs—5§}ds+9(1_’)’)/t Elc;|F7] ds

Tl_
+/ . cds+/ Tz 70(5 ds—/ ZgdW, — /ngwf,
t t

where ¢* is given by (3.10), and J; 3, collects all terms containing Z and ZO, which is the same as [15,
Appendix B], with ~ there replaced by 1 —~

(3.12)

The following theorem summarizes the findings of this subsection.

Theorem 3.2. If the mean field BSDE (3.12) admits a solution (?,Z,ZO) € L™ x H} 0 X Hi o5
then the mean-field portfolio game admits an equilibrium consumption rate ¢* € L*° and an equilibrium
investment rate T € H?BMO given by (3.10) and (3.11), respectively. Let X* be the corresponding wealth
process it holds that (c*X*, m*X*) € A.



Remark 3.3. Theorem 3.2 only considers the consumption and investment in equilibrium. The best
response can also be studied if the dynamics of v is assumed to follow some SDE.

3.2 From Nash equilibrium to BSDE

So far we derived a BSDE whose solution yields a mean-field equilibrium to our portfolio game. We
proceed to prove that any Nash equilibrium satisfies the previously obtained BSDE.

In what follows we denote f; and fy the derivative of f w.r.t. the first and the second argument,
respectively. In particular,

DY

— 060 (3.13)

-
f(c,v)=2¢ (1 L

T —[,;) Q=N(1=-7V)
»
We start with the following necessary maximum principle for Epstein-Zin preferences.

Proposition 3.4. Let v by an Fy-progressively measurable process such that E fOT utB ds + Vqﬁw < 00
for each B € R. Let (II*,C*) = (IT*(v), C*(v)) € A be an optimal control of (2.7) and (X*,V*) be the
corresponding state process. Define the following (well posed) system of adjoint equations:

—dpy = rypy dt — q AWy — q? thO = rypy dt — q~tT th, pr = —aU'(X}V;O)V;OQT (3.14)
Qv = f(Cv °, Vi)Qudt, Qo= —1.
Then, it holds that
ph 4 qo + qo® =0, p+ L(C* 0 VIiQ = 0. (3.15)

Proof. Step 1. A priori estimates. We start with a series of a priori estimates.

e We first consider the utility process. For any admissible pair (II, C) it follows from [31, Theorem
4.6] that
YT < Ve <UL o UTHY W), (3.16)
»

where (following the notation in [31])

T 1—o
Y2 = 'R l/ 56758U9(Cs1/s76) ds + €§TUQ(CTV1_“9)‘ ]:t] and  U,(C) := 0410 o
] _

Our assumptions on the consumption plan C' guarantee that the lower bound of the utility process
VILE helongs to Np>o SA. Since

. 1 1\ i3
sevpter = {(1-5)

the upper bound also belongs to (5., S8, Moreover, it follows from (3.16) that (1 —~)VLC > 0.
Hence,

f2(Ca V) < _55

e We proceed to bound the adjoint variables. By (3.13), the process @ satisfies

t ~
0> Q= —exp (/ f2<0:,v:)ds) —
0



Moreover, the processes p and ¢ satisfy
0<p:=E _eftT rs dsa(X,})—’yu;G(lf’Y)QT‘ ]:t] <E |:eftT rs ds—5§Ta(X;)—7V;9(17'y) ‘ ]:t} )

Since X7 = Cr and because Cr is integrable we deduce that p € (. S8 Since

T N T
/ . dW, = / TsPs ds + pr — Dy,
t t

this implies that
]

T g T g
E </ q? ds) + (/ (¢9)? ds> < oo, forall B> 0.
0 0

Step 2. A variational system. Let us fix an admissible strategy (II,C) and consider the variational
system

X, = {rtXt 4 (I, — A — (C — c:)} dt + (T, — II)oy dW, + (I, — I13)0? dWY,
v, = { RO VG = G + B Civ Vi dt — 2,dW, — 20 W, (3.17)
Xo =0, Vr=alU (Xjv")Xrvs®.
-Ft‘| 9

By [29, Proposition 6.2.1],

T
Vi=E [vTeftT 12(C3v; 0 V) ds +/ FUCVT0 V(s — Oy Peli f2(Civ Vi dr g
t

which implies that V € (5., SP. Hence,

T
E / Z2ds
0
To identify the initial value Vy we apply an integration by parts to obtain that

VrQr

T T
= —Vo+ / VifaCivy ¥,V )Qudt — / Qu A (CEv? Vi) Co = CV + Fal Gl Vit
0 0

B B

T
+ (/ (29)2 ds) < oo, forall g>0.
0

T T
+/ Qi Z, AW,y +/ QsZsO dWsO
0 0

T T T
= —Vo—/ Qtfl(Cfut_g,Vt*)(C’t—C’t*)vt_gdt+/ QtztthJr/ Q20 dwy?
0 0 0
(3.18)
and

Xrpr

T T T
- / thtth+/ thgtho—k/ pd (Tl = T0) = (G, =€) e
0 0 0
T T T T
+/ O'tpt(Ht—HZ)th—F/ U?pt(Ht—HZ)tho—f—/ tht(Ht—H:)dt—F/ agqg(ﬂt—ﬂf)dt
0 0 0 0
T
= [ {peltte ~ 1) = (G~ €+ (11~ 1)+ 011~ )}
0

T T T T
+/ thtth+/ thEth0+/ atpt(nt—nj)thJr/ op? (Tl — I17) dWy.
0 0 0 0
(3.19)

10



Summing up (3.18) and (3.19) shows that
T T
Vo= [ (et o+ oD 1) dt [ (oro+ QuA(Clv Vi) (G )
0 0

+ /OT {Qe 2 + Xyqe + oy (I — 1I7) } dW, + /OT {Qtz,? + th? + U?Pt(nt - HI)} dWs.
In view of Step 1, the stochastic process
/0' {Qi 2 + Xiqs + oup (11 — TI7) } dW; + /0. {Qi2) + Xiq) + o) pi (T, — 1I7) } dW
is a true martingale. Thus,

T T
Vo=E / (pehe + @0t + ¢fo) ) (T, _H?)dt—/ (pe+ Quf(Crvy Vi) %) (Cr = G dt| . (3.20)
0 0

Step 3: A perturbation result. We now prove perturbation results for state processes from which we
then conclude our maximum principle.

We denote for any admissible pair (I, C) and any p > 0 by (X?, V*) be the state process corresponding
to the control
(I + p(I 1), C" + p(C — C*))..

e We first establish the convergence of the processes X? — X™* and # — X where X was defined
in (3.17). The dynamics of the process X? — X* follows the linear SDE
(X} = X7) = (XY — X[) dt + phy (T, — II7) dt + poy (1T, — IT}) AW,
+ po (I —117) AW} — p(Cy — CF ) dt
X{—X5 =0

and for each 8 > 0,

| sup X7 - X))
0<t<T

8 g

T
+ Cp°E (/ (T, — H:)2d5>
0

Moreover, uniqueness of solutions to the above SDE yields that a.s.

T
SCPBE (/ HS_H:|+|CS_C:dS>
0

—0, asp—0.

. pP_\V*
e Next, we consider the convergence of the processes V? — V* and ¥ pV

defined in (3.17). The BSDE for the process V» — V* can be linearized as

— V where V was also

1
~d(VP = V) = (CF = Cw [ R(C  NCE = O Ve d
0

1
FOE =) [ R Vi NV V)
0
— (20 — ZF)dW, — (200 — Z)*) dW?
= {AVE = V) + Bl de— (20 - Zp)aw, — (20" — 207 awy,

1
V= Vi = (X = Xiur? | U/ (g + A ~ X))

11



We note that
Be ()S® and VE-Vie )5
B>0 B>0

The above BSDE admits a unique solution if we truncate B and replace B by B An for some n € N;
the corresponding solution is denoted by (AV™, AZ"™). Standard comparison arguments show that

AV™ is increasing in n; we denote the pointwise limit by AV. Since

t

T
AV =E leftT As ds(V{f - Vr) +/ et Ar a"(By An)ds

it follows by monotone convergence that

T
AV, =E | el Acds (e — v +/ eli Ardr B ds| Fy

t

and so it follows from the previous result that

lim E [ sup |AVt|ﬁ] =0 forany 8> 0.

p=0  |o<t<T

We now apply a similar argument to the process Vp% — V. The BSDE for this process can be

linearized as

p p

P p

= {(th;Vt — Vt> Li(t)+ Ix(t) + Ig(t)} dt

p
VL — Vi

p

d

VP =V | !
—d <tt _Vt> — { (tt _Vt> / fz(Ct*V[H,V;* +)\(‘/—tp _ Vt*))d)\
0

Z0 — 7Zr Z00 — 70
— (t ¢ —Zt) dW; — (t - Z?) thOa
p

1
L A R / (U/(Xpp7? + MX5 — Xi)pz?) — U'(Xpz?

1
v [ { R Vi + MVE = V) = RalCE V) } i
0

1
(€= O [ {RC 4 NCE = Cow Ve dh = F(Cr V) Y
0

_ (M Zt) AW, — (thZt* _ ZP) dw?

)} dA.

Truncating the processes Is and I3 by n the resulting BSDE admits the unique solution

(AV)P" =T

t

A standard comparison principle along with the monotone convergence theorem shows that the

ft] |

sequence (AV)P™ as n — oo converges pointwise to the process

(AV), =E

t

VeV T o
( T - T _VT) o) 11<r>dr+/ ST A (1, (5) 1 I(s)) ds

The previously established convergence of X? — X* and V? — V* yields that

lim E [ sup (Av)ﬂﬂ} =0 for each 8> 0.
p—=0  Jo<t<T

12

VE— Vi T e
(TpT - VT> Jd Iy dr / el B AT ([ () Am + Is(s) An)ds

ft] |



Step 4. Conclusion. In view of (3.20) and the previously established convergence of the processes
@ —V, it holds for any admissible (II, C) that
Ve - Ve

p

T T
=E l/ (pehe + oy + qfoy) (11, — IT7) dt */ (pe + Qtfl(cgka‘/t*)’/t_e) (Cy = Cy)dt
0 0

0> -V

(3.21)

O

Remark 3.5. The inequality (3.21) should be compared with the utility gradient method in [31, Theorem
3.4], where no adjoint variables were introduced:

Vo(C) = Wo(C7)

<E

9

T
[ el e b (0 V(O = € ds el BHCE VD B Gl (Cr - C)
0

where V5 (C) is the utility index corresponding to the consumption plan C. To obtain our BSDE (3.4)
from any given optimal strategy (or equilibrium strategy), a version of utility gradient inequality in terms
of adjoint variables in the spirit of (3.21) is required.

We are now ready to show that any optimal control satisfies the BSDE with the driver (3.4). As a result,
any equilibrium strategy must satisfy mean field BSDE (3.12) determined in Section 3.1.2.

Theorem 3.6. Let (II*,C*) € A be an optimal control and (X*,V™*) be the corresponding state process.
Then,

_h+oZ+ a%z°% .
e+ (09)?)
where (Y, Z, Z°) satisfies the BSDE with the driver (3.4).

*

=1 XY, CF =80 ae¥) T XY = ¢ X (3.22)

Proof. The proof consists of three steps. First, we define a stochastic process Y in terms of the optimal
wealth process X* and the adjoint processes p and Q which - together with some process (Z, Z°) to be
defined - satisfies a BSDE. We also relate II* with the (Z, Z°).

We then verify that the optimal utility process satisfies V* = « (Xl*_):w e¥. In a final step, we verify that
the optimal consumption process C* can be expressed in terms of Y, and (Y, Z, Z°) satisfies the same
BSDE as in Section 3.1.1.

Step 1. We start by defining a stochastic process Y in terms of the adjoint processes p and ) defined
in (3.14) through
p=al'(X*)e" (-Q).
That is,
Y =logp —loga —logU'(X™) — log(—Q).
By It6’s formula,
dYy
UM (XHU'(X{) — (U"(X7))?

U"(X* . . . - * %
_ { ( t)Xt (re+mihy — ) — {(thtot)2+(Xt7rt0g)2}

U'(X{) 2(U(X{))?
2 02 3.23
o= TG x| o
t
@ U'(XY) oo } {Q? U'(XE) s 0} 0
= - X opp AWy +< — — X o; » dW, .
{pt Uxg) T T e Ur(X) T '

13



Let
U’ (X*) @ U"(X¥)

q * vk 0 * 3y * 0
Z == — X Z° = — = X
p UXH 7 p Uxn"
so that () (x4
=pd — 7*X*c+ 27 0= T X*e0 + 2° 3.24
‘ p{wx*)” i } ’ p{U%X) ot } (3.24)

From the first equality in (3.15) we conclude that

UN(X*) * ok U/I(X*) * 3k 0 0 0
e G X o 7)o g o 2o =0

which implies that
h+0Z +0°2°

U// X* % -
Lt X* (0% + (00)2)

Since U is a power function,
h+o0Z +0°2°

*

(3.25)

We emphasize that (3.25) coincides with (3.22) only if (Y, Z, Z°) follows the BSDE with the driver (3.4).
Step 2. By the second equality in (3.15), we have that
p+ il X0 VHQr P =0

and so
1-1

aU'(X)e" (=) + 3 x v ) {1 -y} vl 0.

This implies that

w 1
R R C IRCERI S S (3.20)
and that
1 1) (1_7) 1 1 !
(C*X*U—Q)lfﬁ — (a) {( )V*}w( —1)( - (X*)W“/(lfy)e (lff)y —9(1,[; 1) (327)

We proceed by comparing the BSDEs for a%ey and for V*. Since Yy = —6(1 — ) logvr, the

X
processes V* and al )

Y share the same terminal value. Moreover, by It6’s formula,

X* 1—v 1—v t X* 11—~
(lt_),y eYt — 1‘%_76)’0 +/(J (13_)7 eYS {_(1_'7)7"s+’7hs7r;k _ %(71’:)2(034-(0'2)2)

1 1 1 1
= (o + 20 = S(amio) + Z9)* + 5 20+ 5 (2)°

*

* vk, ,—0\1—
—vek — §(CSXS Vs 0) w

U ST N (R +5’é} ds
. 0

/eYs ) ) = (XD = (X ()% (02 + (00)?) ) ds
0
t t
-|-/ W ntoe¥Z, ds+/ (X)) miole™ 20 ds
0 O
|5

t
eV Z] aw, +/ Yo(x)\rra ! dw,.
0

14



Collecting all terms with 7* and/or (Z, Z%) in the driver of (X;f;v e
X* 1—v
(1)761/ {W* (0 + (0)%) -

T €Y {(X*)l—’yﬂ,*h _ %(X*)l—fy(ﬂ_*)Q(o_Q +
_ (X*)l_ﬂyey

«
- =) hr* —
1—7 {77r

Y. we get

—~ N | =

1 1 1
(—’Y7T*0+Z)2—5(—’Y7T*0'0+Z0)2+*Z2+*
g

5 2(20)2}
0)2)} T (X*)l—'yﬂ_*a_eYZ + (X*)l—»yﬂ_*o_oeYZO
2@ + (0)?) -

N | =

(=m0 + 2)* — *2(—’77'('*0'0 + 29 4+ -7% +
1—
+(1 —y)7*h [Chledil
=0,

1

1
- ZO 2
5 5(2°)
D+ @)+ (- oz + (1= )2
where we used the representation (3.25) obtained in Step 1. Thus,
1
(X)), at Yo /t (XH7 S(eXrv 0w 1 1 ~
t= ) o¥el _or o DlsTsls 1—~)(1— =) {(1 -7V 50 % d
1_,_Y 1_76 +() 1_76 CS l_i ( A/)( 0){( ’V)VS}H—’— S
(X T\
+/ %eY*(ZST + (1 =75 ) dw,.
o 1—=7v
By (3.26) and (3.27), the dynamics of %ey can be rewritten as
(X))t RY
I—~
=y K 1 0 _
- Y R XV (I=9)Ys f(1 — A\ V* P (1
Ty [ (2) oo )

5) ,—0(w-1)
1—7 s
L S WO B ¥ AN y

— — 2 (1 — — 1 -V
(X* 1—v t X* 1—v . _ —~
—HSQLBYS ds —|—/ %eY*(ZST + (1 —y)rie]) dWs.

1—~ o 1-—7

Taking (3.27) into account, the dynamics of V* can be rewritten as

— _1
vy — {6<X>

=5A=5)=F (x*)1 (V=D (1=¥)Y:=0(=1)

T {(1—v>Vt*}137—6514*}dt—zz‘dwt—z$’*dwp
—v

_{ 5 (5

)
T \a

As a result,

*\1—y
d <a(Xt)er, _
L=~

1 1 5
I ) I
P v

¥
) {(1 = )V P8 (X7 )y =D (=)Ye ), —0(=1) gy

-1 N
> {a- ,Y)V;*}ll’(lfé) (X:)V(ibfl)e(lfw)ytVt—9(¢—1) _ 59‘/;*} dt — Z; dW, — Z?’* thO

L&, s
_a<1_i}—1_7> T eto(1—) 5
. *\1—
+59(a()1(t)

-7

Yo _ V{‘) dt + Z, dWy + Z,° dW?
=ad -1

Pp—1

) {(1 _ ’Y)Vvt*}w(l_%)_l (X:) (w—l)e(l—ij))ytl/tfe(l[)fl) dt
’ P (I=3) =1 (xr\y($—1) (1=9)Y; |, —0(%=1) [ 1/«
) p {@ -Vt o (X)) e ty, v,

X))y,

— aﬁe t> dt
15



~ X1 ,
+ 60 <a(1t)eyt — Vt*> dt + Z, dW, + Z,° dw;?
-7
(X)), 0 31170
=D, <aMe ¢ v;) dt + Z, dW; + Z,° dW,

for some positive process D. Thus, the difference

X* 1—~
a( ) 6Y7V*
L—n

satisfies a linear BSDE with monotone driver and zero terminal condition. Such BSDEs admit a unique
solution, namely zero; see [28, Theorem 4.1] and [29, Proposition 6.2.1].

(X*) =7
1

Step 3. Taking the identity V* = « e¥ from Step 2 into (3.26) we get

= (5‘”(04Y)7%u_9(w_1). (3.28)
Taking (3.24) and (3.28) into the driver of (3.23), one can verify that (Y, Z, Z°) satisfies the BSDE in
Section 3.1.1. O
By Theorem 3.2 and Theorem 3.6 we have the following one-to-one correspondence between the equilib-
rium investment and consumption rates and the solution to the BSDE (3.12).

Theorem 3.7. Equilibrium investment and consumption rates of mean field portfolio games with Epstein-
Zin utility that satisfy the conditions

t —_—
(m*,¢*) € Heppo X L, (m*X*,c*X*) € A, Elpr|Fi] =€ (/ 9] dWS) for some ¥ € Hy o (3.29)
0

admit a one-to-one correspondence to solutions (?7 2720) € L™ x H} 0 X Hi o to the mean field
BSDE (3.12). The relation is given by

~ ~ 00(h+0'2+0020)
L _htoZeot70 00— BTG 7] (3.30)
WO 502+ (022 (1+E [ 1%k | 7))

and

¢ = exp (—H%M {Emlogé] _E Bfi loga} _E [gjf’ﬁ]}
Y

+1logd — %loga — 5?) on [0,T), (3.31)

cp =1

Proof. We proceed in three steps.

Step 1. By Theorem 3.6, any equilibrium rate (7*, ¢*) such that (7* X*, ¢*X*) € A must be characterized
by the solution to the following mean field FBSDE system

AX; = X! ((rt ihy) dt + mioy AW, + mio? thO) — X7 dt
Zt2+(Z?)2 1*’)’(ht+UtZt+UthU)2
—dYy = 5 2 0)2
2 2y of + (of) (3.32)

1—7v s —0(th— N —
+ﬁ5w(%) Y= (ae)

Xo=ux, Yr=—0(1-~E[X5|F2],

+ (=) +

K2
o

- 55} dt — Zy dW, — Z9 dW?

16



where

_h+0Z+0°2°
BRI ER

v
* 3

¢ =8V (w*) 0D (ae¥) 7,

and

5k

1
y :1+EWW1H{E

By the same argument as in the proof of Theorem 3.2, (7%, ¢*) satisfies (3.30) and (3.31), with (Y, Z, Z°)
satisfies (3.12).

[hlogd] — %mga] ~E [?Y‘ ]-‘0} } + mmfmﬂ].

The other direction has been established by Theorem 3.2. In the next two steps, we will verify that the
equilibrium space and the solution space also have a one-to-one correspondence.

Step 2. If the triple (Y, Z, Z%) € L™ x H% o < HE o is a solution to the mean field BSDE (3.12),
then the strategy (7*,c*) defined in (3.30) and (3.31) satisfies (7*,c*) € Hz,,;0 X L.

It remains to verify that the adjoint variable p defined through (7*,¢*) and (3.14) satisfies the third
condition in (3.29). To do so, we apply the explicit expression for adjoint equation in [1, Section 1.4.1].
In view of Proposition 3.4 and Theorem 3.6 we have the following correspondence between adjoint
variables and the optimal control:

q q°
(2,2°%) = ( +yom*, — + ’ycroﬂ'*) , (3.33)
p p
where we recall (Z, Z°) is the (Z, Z°)-component of (3.32), which has a one-to-one correspondence with
the (Z, Z°)-component of (3.12). It implies that (Z, Z°) € H% 0 X Hyy0-
By [1, Equation (51) and Equation (52)],
0
(q'f, Qt) =4, (3.34)
bt Pt

where 1 satisfies

Elpr|Fi] = & (/Ot 97 dWS> .

Since Z, Z° and 7* belong to H% 0, it follows from (3.33) that the processes L and quo also belong to
H% /0. The same holds for the process 9, due to (3.34). Thus, the third condition in (3.29) holds.

Step 3. If (7*,¢*) is an equilibrium strategy satisfying the all conditions in (3.29), then it follows from
Step 1 that it can be characterized by the mean field BSDE (3.12) via (3.30) and (3.31). In particular,
the relation (3.31) implies that

S 0 00(y — 1 ~
Y =——logc" — L]Eﬂogc*\]:o} +0logé —loga,
(G (G
which belongs to L since ¢* € L™ by (3.29). Using the relations (3.33) and (3.34) again, we have Z
and Z° belong H%,, by (3.29). Thus, (Z,2°) € H% 0 X He o O

Remark 3.8. The third condition in (3.29) is consistent with the reverse Holder inequality in [11, 12, 14,
15], where time additive utility (exponential or power utility) is considered. In general, this condition
is necessasry to establish the one-to-one correspondence between the equilibrium investment and the
Z-component of solution to some (F)BSDE in the BMO space. However, this condition can be dropped
if either the following two conditions holds:

17



e If there is only common noise, i.e. ¢° = 0, then (3.30) yields a one-to-one correspondence between
n* and Z°, which implies that 7* € H%,,, is equivalent to Z° € H%,,,, even without the third
condition in (3.29). This also implies that 7* € L> and Z" € L°°.

e If all coefficients are deterministic, then Z = Z° = 0 and 7* € H%,,, trivially holds, if it exists.

4 Uniqueness of mean-field equilibrium strategy in Hz,,, X L™

By Theorem 3.7, to establish our uniqueness of equilibrium result, it is sufficient and necessary to show
that the BSDE (3.12) admits at most one solution.

Theorem 4.1. For each R > 0, there exists at most one equilibrium investment and consumption rates
(m*,c*) € H}%é,BMO x L satisfying (3.29), when the competition parameter 6 is small enough. Here,
H% o is the R-ball of Hg 0.

Proof. Let (Y, Z,2°) and (Y',Z',Z°) be solutions to the BSDE (3.12) in L™ x HZ,,, x H% 0 and
let

AY =Y -Y', AZ:=2-7', AZ°:=2°-2".

It follows that
T Tq_ 5 T T T
AY; = 6(1 — 7)/ E[AcHF?] ds +/ WAC’; ds +/ AJsds — / AZ, dW, —/ AZY AW,
t t - t t t

where

’

¢t —c*

AY

Act = AY

/

with C*A*)‘i* being bounded since 37,57’ € L™ and where the process AJ can be expressed in terms of

the functions f¢ and f defined in [15, Appendix B] as

E[r°7az+ 70 az0| 7]
1+ E[0yfo"7" | F]
0 0 0, ~ =~ 0.0 ~ -
0y f° ]E{Qfo' by fo0Z 4 20y 4 o0 (ZoJrZo’)l]_—o]
1+ E[oyfo07" |70
J—'O}

o 0oE [20°°" + 1700 (Z+ 2) + #7007 (20 + 2°)| F°) | 9B 70 Az + 17070 A 20| 70
L L+E[67f7°0°| 0] L+E [07/7°0° | 0]

AT = — 04 [f"hAZ AN f”}

fo} T 04E [G,onon

+64E {i(l -15'7 {21‘" +1TZ+ 2472+ 2 -

0v1° E [f”of’Az + f"O”OAZO| ]—'0]
1+E[0yf7°7°| 70

I o0 0
X fOAZ+F7 AZ° —

1
2

0977 8 [287 4 5707 (2 4+ 2) + 100 (20 + 2| 7] }
2

— ST> _ —_ —_ ~n!
_1l—9)5 & 2fh’+f”(Z+Z’)+f"0(ZO+ZO ) — —
L+ E[0yf7%7 ’F)]

0v1°°E [f"o"AZ + f”D"OAZO( }'0]
X

L+ E [0yf7°7° | 70

Z+7
* AZ

~T ~
+’Y(1—’Y)U o {th+fa(2+2/)+f00(20+20/)

HWWOE [2f00h+f000(2+2/)+f0050(20 +20/)‘}'O} }
5 Az

L+ E [0yf7°7° | 70

e—yf"OIE [Qfaoh +f000(2+2/)+f0000(20 +Z°/)‘]-‘°} . .
2 7 AZ

— 575 ~ ~ ~ ~nl
0T T gy 24 2+ 57204 2 - -
1+E[6'yf” - (IO]
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70 1 7 OvE [21°°0 + £ (Z+ 2') + 7077 (2° + 2°) | 7] AZ°
+ - 14+E {07f00”0|]:0]

= 0AT +CAZ +C°AZ°.

All terms in the definition of AJ that do not congtain 6 are linear terms of (AZ, AZ°) and can hence
be dropped by a change of measure:

dQ 0 77170
= dWs dW,
Fid =& {/ Cs +/ Cq }
Since Z, Z°, Z' and Z9 are in H%,,,, (W, W2) is a Q-Brownian motion, where
we=w. —/ Cs ds,
0
woQ = wo —/ Cds.
0
As a result,
T Tq_, T T T
AYt:9(1—7)/ E[Acz\fg]ds—i—/ mAczdsw/ Ajsds—/ AZSdWP—/ AZ° aw?Q,
t t - t t t

1t6’s formula and standard estimate imply that

esssup (AY,)” + [ AZ|Bar0.0 + 1AZ°Bar0.0
w,t<s<T

< C’/ esssup (AY;)? ds—!—GC’HAZHQBMO@—|—9C’||AZOH2BMO,@,

w,t<r<s

where C' depends on R. It implies AY = AZ = AZ° = 0 by Gronwall’s inequality and letting 6 be small
enough. O

5 Wellposedness under deterministic parameters

This section proves the existence of an equilibrium in closed form for models with deterministic parame-
ters;2 both the MFG and the N-player game are considered. Moreover, we verify that this equilibrium is
the unique equilibrium in the space L x L°°, without additional integrability assumptions. As special
case we show that the simple equilibrium obtained in [4] is indeed the unique equilibrium in their setting.

5.1 The MFG

We start with the analysis of the MFG; similar results for N-player games require only minor modifica-
tions of the arguments that follow.

Uniqueness in L>™ x L*°. To prove the uniqueness of equilibria in the space of bounded processes we
denote by (Y, Z,Z°) and (Y’, Z', Z°) two solutions to the BSDE (3.12) in L™ x L™ x L and set

AY =Y -Y', AZ:=2-27', AZ°:=2°-2".

2They may depend on an initial distribution capturing initial heterogeneity.
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The triple (AY, AZ, AZ°) satisfies the BSDE

T Y
AY;:/ <A1,3E{§AYS
t

T T T
+ / (A7 AZ, + As JAZD) ds — / AZgdW, — / AZ? dW?,
t t t

T
fg} +A27SAY3> ds + / (A3 E[Ay AZ|FJ] + A5 E[Ae AZ)|FY]) ds
t

where the coefficients A1, ..., Ag all belong to L* since (17, Z, ZO) and (}N/’, 7' ZO/) are assumed to belong
to L™ x L*° x L*°. Standard estimates show that

E[(AY;)?] +E

T
/(AZS)2+(AZ§)2ds]
t
T
/ (ALSAY;E[?AYS
t 0

T
/ AY, (A7 AZ, + Ag (AZY) ds
t

—9F ]—'2] + Ao (AY,)? + A3 JAYE [Ay JAZ|FY] + ABAYSE[AG,SAZQVQ]) ds]

+2E

/tT(AYS)st

which, by Gronwall’s inequality, implies that AY = AZ = AZY.

T
< CE + %IE / (AZ,)? + (AZD)? ds
t

)

We note that (7,c¢) € L x L implies the first two conditions in (3.29) automatically hold. Moreover,
recalling the second point in Remark 3.8, we know that there exists at most one equilibrium investment
rate and consumption rate in L x L.

Closed form solution. We proceed to give the unique equilibrium in closed form. If the model
parameters are deterministic, then Z = Z° = 0, which implies that

0
0(1 - 7)E |:7(02:_(};0)2):|

_ 0_
Z =0, Z° = i E {%} ,
and
" h oV 0(1 —7)E {%}
B e o R e D R WY [Teseny

Taking the above equalities into the driver of 17, we get that

2

T 0)2 070\2
(Zs) l_fY(hé_Fo-sZé) 1_7 * N
Ms) 41— ) _
+/t { 5 + A =y)rs+ ot (00)2 +UJ—1CS 50 ¢ ds

- /tT {9(1 —E[E] + _Vlc:} ds (5.1)

T 1
Ti=—on-n) [ E [ Frthe - ¢t - 20 + <a£3>2>} ds
t

’l/) _
0= [ B[ w2t + 00 as

T 0\2 0 70\2
(Zs) 1 _7(h5+0 A ) 0
—|—/t { 5 + (1 =7)rs+ 5 oZ it (00)? 00 » ds.

We now show that the above equation can be reduced to a system of Riccati equations. To this end, we

set

(2°)?
2

1—v (h+0°2°)2

A=
2v 024 (09)2

+ (1 —7y)r+

—60—6(1 —y)E {7‘ +7*h — %(w*)2(02 +(@"?)]. (5.2
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Moreover, from (3.31) we get that

¢ = exp (—M_I) {E[wlogé] —E [;ﬁloga} —E [zg?'}'o]}—kwlogé— %loga— QE?)

1+ E[0(y) —1)] 0
0y — 1 PUTIS R
—*“p<1+£ﬁk¢31nE[YWf}Y>’
(5.3)
where

Y = —¢logé + %loga+ %}7

Expressing the optimal consumption plan ¢* in terms of Y as shown in (5.3) and recalling the equation
(5.1) we see that

Y = 7%9(1 —)E {exp (W 1) )]E[?] - ?)} S S (9(1/’ D gy ?) ~ Y4

L+E[p(y -1 g0 -1 P\ T+Ep[—1)] g
-1 o o b-1) o S\ v
= —0(y—-1E l:exp (H‘IE[Q(’(/J—l)]E[Y] — Y):| — exp (HE[QW—I)]E[Y] — Y) — ;A

Taking expectations we get that

E[Y] = —(E[0(¢) — 1)] + )E {exp (H%ME[?] - ?)] _E %A]

from which we conclude that

9(1/1 — 1) Sali U 9("/} — 1) v > 9("/} — 1) ¢ 112
EWW—ULHEW}‘Y‘”@<1+Mww—nﬁm“‘y>‘EW¢—m+1EbA}+§A

Let us now put

= oy —1) Y|-Y an Y — exp(Y
Vi g ot Y and Y = en()
Then,
S U VR LA
V= - EptmE 54 +

and so the function Y satisfies the Riccati equation
. o —1 u
Y =Y%+ (—M)E [%A} + %A) Y
Ef(—-1]+1 |g 0
with the terminal condition

(¢ —1)

¥ = (g1

E {—wlogé + %log a] — (—wlogé + %log a>) = D. (5.4)
The unique solution of the above Riccati equation is given by
. T T s
Y: :D{exp (/ B,«dr> —|—D/ exp (/ B,«dr) ds}
t t t
v (U

5= (~gmre—rer® 54+ 54) (55)

Thus, we have shown the following result, which includes [4, Theorem 2.6] as a special case.

where
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Theorem 5.1. If the model parameters h, o and o° are deterministic, then the unique equilibrium
investment and consumption plan are given as follows:

a? hy
o 80-E [y o
G R D BTG R C o =T B

and

T T s
cj:D{exp(/ Brdr>+D/ exp(/ Brdr> ds}, t € 10,7,
t t t

where A, D and B are given by (5.2), (5.4) and (5.5). In particular, the simple equilibrium strategy
obtained in [4] is unique in L% x L in their setting.

5.2 The N-player game

Having solved the MFG, solving N-player games requires only minor modifications of previously given
arguments. In the N-player game we set

V= HCj

J#i

A lengthy yet relatively straightforward computation yields the equilibrium investment strategy

. hz 01 1— A1) N
7‘-;7 = . . . tgi(l_ z) . - . . ( Zz()lo-_t z) . 1 ¢t N te [07T]
(0 + (v = TGE2) (02 (oD + (v - S (o) 1+
where
N =103 + (19 - 2452 (0907
and
N 5 (1 — ~3)(590)2
1 ¢/ (1 —+7)(0?%)

WV =

)

N =155 90002 + (17 - 24532) (0902

and the equilibrium consumption plan

] ] T ) T s
=D {exp (/ B; dr) + Dl/ exp (/ B; dr) ds} ,
t t ¢

where the coefficients B* and D? are given by

i N
. L a’ 1 L
Bl = biAl bZAZ,
ES R P
¥'=1 i (gl
N Y )
- 1 . ei(wifl) ’ - 1 . 911(1#1171) )
N-1 N—1
with
Ai - _ 91(1 _ ,71)# Z Tj + Wj’*hj _ 1 ((Jj)2 + (o,jO)Q) (7_(_]',*)2 + (Zio)g N 1 Z(ZU)Q
N —1 4~ 2 2 2 £
J#i Ve
_ 1 — ~i (B 4 g0 7i0)2 .
+ (1 _,Yz)ri + 2 ( g )2 _ 61917

2 (0 + ()
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0 (1—~") S
JOpI
j N—-1 o
Z’LO —

0°(1—7°)(0?0)? Z 7 {(g9)2 702
L= st oA 1 L)+ 0

) 0 (1—1")(c™)?

N . .
+ N1 Loy T g 9%hi
B () o) LA G Ay () T3 1 (07077
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