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Abstract

We study an optimal liquidation problem under the ambiguity with respect to price impact
parameters. Our main results show that the value function and the optimal trading strategy can be
characterized by the solution to a semi-linear PDE with superlinear gradient, monotone generator
and singular terminal value. We also establish an asymptotic analysis of the robust model for
small amounts of uncertainty and analyze the effect of robustness on optimal trading strategies and
liquidation costs. In particular, in our model ambiguity aversion is observationally equivalent to
increased risk aversion. This suggests that ambiguity aversion increases liquidation rates.
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1 Introduction

Starting with the work of Almgren and Chriss [1] optimal portfolio liquidation strategies under various
market regimes and price impact functions have been analyzed by many authors. Single player models
have been analyzed by [3,7,24-26, 30, 39] among many others; multi-player models were analyzed in,
e.g. [6,21,29]. From a mathematical perspective, the main characteristic of optimal liquidation models is
the singular terminal condition of the value function that is induced by the liquidation constraint. The
singularity becomes a major challenge when determining the value function and applying verification
arguments.

In this paper we study a class of Markovian single-player portfolio liquidation problems where the in-
vestor is uncertain about the factor dynamics driving trading costs. The liquidation problem leads to a
stochastic control problem of the form

inf sup (]EQ

T
/W(Ys)lfslpﬂ(n)\Xslpds
€ Qeo 0

-T(Q) (1.1)

subject to the state dynamics

4y, = b(Y,)dt + o(Y,)dW,, Y, =y

(1.2)
dXt = _gt dt, XO =
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and the terminal state constraint
Xr =0, (1.3)

where ¢ denotes the trading rate, X denotes the portfolio process, Y denotes a factor process that drives
trading costs and Q is a set of probability measures that are absolutely continuous with respect to a
benchmark measure P. The functions 17 and A specify the instantaneous market impact from trading and
the market risk of a portfolio holding, respectively. Instead of restricting the set of probability measures
ex ante, we add a penalty term Y(Q) to the objective function. This approach was first introduced by
Hansen and Sargent [27] and has since become a popular approach in both the economics and financial
mathematics literature when analyzing optimal decision problems under model uncertainty.

The benchmark case where Q contains a single element has been analyzed in [26,28]. In this case, the
value function can be described in terms of the unique nonnegative viscosity solution of polynomial growth
of a semi-linear PDE with singular terminal value. The proof is based on an asymptotic expansion of
the solution around the terminal time that shows that the value function converges to the instantaneous
impact factor at the terminal time when properly rescaled.

If Q contains more than one element, then the investor is uncertain about the dynamics of the factor
process. For instance, the process n(Y;) may be viewed as describing the inverse market depth, whose
dynamics the investor may not be able to specify correctly. The market risk factor A(Y;), on the other
hand, can be linked to the volatility of the reference price process. If the price dynamics follows a
stochastic volatility model, then factor uncertainty amounts to uncertainty about the volatility of the
reference price.

Under factor uncertainty, additional regularity assumptions on the penalty function Y(Q) are required
to guarantee that the optimization problem is tractable analytically. In order to guarantee analytical
tractability we follow an approach that had first been introduced by Maenhout [35] when analyzing a
class of portfolio allocation models for Merton-type investors under model uncertainty.! Specifically, we
consider penalty functions with state-dependent ambiguity aversion parameters that satisfy a scaling
property corresponding to homothetic preferences. The assumption of homothetic preferences does not
only facilitate the mathematical analysis but it also has a clear economic implication. Our model with
ambiguity aversion is observationally equivalent to a model without ambiguity aversion but increased
risk aversion. An approach that is similar in spirit to the ones in [35] and in this paper has been followed
by Bjork et al. [9]. They studied an equilibrium model with mean-variance preferences and a (state-
dependent) dynamic risk aversion parameter that is inversely proportional to wealth. For their choice
of risk aversion the equilibrium monetary amount invested in the risky asset is proportional to current
wealth.

Under our scaling property on the penalty function, we prove that the value function to our control
problem can be characterized by the solution to a semi-linear PDE with superlinear gradient, monotone
generator and singular terminal value. Our first main result is to show that this PDE admits a unique
nonnegative viscosity solution of polynomial growth under standard assumptions on the factor process
and the cost coefficients. Many authors including [4,5,13] studied the Lipschitz and Holder regularity of
viscosity solutions. In our setting, Holder continuity and even C%!-regularity of the value function is not
sufficient to guarantee admissibility of our martingale measure control. A particular asymptotic behavior
of both the value function and its gradient at the terminal time is key to carry out the verification
argument. Our second main result guarantees that, under an additional assumption on the penalty
function and an additional boundedness condition on the market impact term, the viscosity solution to
the HJB equation is of class C%! and that both the solution and its derivative have the desired asymptotic
behavior at the terminal time. The proof is based on an asymptotic expansion of the solution near the
terminal time as in [26,28]. The difficulty is that now not only the value function but also its derivative
needs to converge to the market impact term, respectively its derivative when properly rescaled. The
precise asymptotic behavior of the solution allows us to obtain not only the optimal trading strategy
but also the least favorable martingale measure in feedback form. It also allows us to establish our
third main result, namely a first order approximation of both the value function and the optimal trading

IThe approach has been adapted by many authors, including [11,17,20,36,43], partly due to its analytical tractability
but also due to the “embedded” equivalence between ambiguity and risk aversion.



strategy in terms of the solution to the benchmark model without uncertainty. The result shows that
we can approximate the optimal strategy in a model with small uncertainty parameter in terms of the
optimal strategy of the benchmark model and the first order approximation of the value function. As
a byproduct we show that our model with factor uncertainty is observationally equivalent to a model
without factor uncertainty but increased market risk. This suggests that factor uncertainty increases the
rate of liquidation.

To the best of our knowledge, only few papers have studied the optimal liquidation problem under model
uncertainty. Nystrom et al. [37] and Cartea et al. [14,15] considered problems of optimal liquidation
with limit orders for a CARA, restectively a risk-neutral investor. In [37] it is assumed that the investor
is uncertain about both the drift and the volatility of the underlying reference price process. They show
that uncertainty may increase the bid-ask spread and hence reduce liquidity. In [14,15] the investor is
uncertain about the arrival rate of market orders, the fill probability of limit orders and the dynamics
of the asset price. They show that ambiguity aversion with respect to each model factor has a similar
effect on the optimal strategy, but the magnitude of the effect depends on time and inventory position in
different ways depending on the source of uncertainty. In both papers strict liquidation is not required;
instead open positions at the terminal time are penalized. This avoids the mathematical challenges
resulting from the singular terminal value.

Lorenz and Schied [33] studied the drift dependence of optimal trade execution strategies under transient
price impact with exponential resilience and strict liquidation constraint. They find an explicit solution
to the problem of minimizing the expected liquidation costs when the unaffected price process is a
square-integrable semimartingale. Later, Schied [42] analysed the impact on optimal trading strategies
with respect to misspecification of the law of the unaffected price process in a model which only allows
instantaneous price impact. Both papers studied the dependence of optimal liquidation strategies on
model dynamics but did not consider the resulting robust control problem. Bismuth et al. [8] considered
a portfolio liquidation model for a CARA investor that is uncertain about the drift of the reference price
process but did not require a strict liquidation constraint. They do not consider a robust optimization
problem either but dealt with the uncertainty by a general Bayesian prior for the drift, which allows them
to solve the problem by dynamic programming techniques. All three papers focussed on misspecification
of the reference price process and assumed that the market impact parameters are known. Our model is
different; we analyze the effect of uncertainty about the model parameters, e.g. the market depth that
we consider the most important impact factor.

In a recent paper, Popier and Zhou [40] analysed the optimal liquidation problem under drift and
volatility uncertainty in a non-Markovian setting and characterized the value function by the solution of
a second-order BSDE with monotone generator and singular terminal condition. In contrast to [40], we
focus on the drift uncertainty about the factor model and add a penalty function in the spirit of convex
risk measure theory. We also obtain much stronger regularity properties of the value function which
allows us to study the effect of uncertainty on optimal trading strategies and costs in greater detail.

The remainder of this paper is organized as follows. In Section 2, we describe the modelling set-up,
introduce the stochastic control problem and state our main results. The existence of viscosity solution
to the HJBI equation is established in Section 3; the regularity of the viscosity solution is proved in
Section 4. The verification argument is carried out in Section 5. Finally, Section 6 is devoted to an
asymptotic analysis of the value function for small amounts of uncertainty.

Notation and notational conventions. We put
(y) = (1+ [y

Let I be a compact subset of R. We denote by Cj(R?), Cy,(I x R?) the spaces of bounded continuous
functions on R?, respectively, I x R%. For a given n > 0, we define C,,(R?) (resp. C,,(I x R?)) to be the
set of functions ¢ € C(R?) (resp. C(I x RY)) such that

o oly)
CE T

B(t,y)

€ Cy(RY)(resp. ¢ := T3 "

S Cb(I X Rd)).



A function ¢ belongs to USC,, (I x R?) (or LSC,,(I x RY)) if it has at most polynomial growth of order n
in the second variable uniformly with respect to ¢ € I and is upper (lower) semi-continuous on I x R?, We
denote by C}(R%) the set of all functions ¢ : R? — R which are bounded, continuous and continuously
differentiable with bounded first derivative. C%*(I x R?) denotes the set of all functions ¢ : I x R? — R
which are continuous and continuously differentiable with respect to the second variable on I x R¢.

We denote by L¥(0,T; R?) the set of progressively measurable R%-valued processes that are essentially

bounded. The spaces L%(0,T; ]R‘%H}(O,T :R?%) denote the sets of all the progressively measurable
Re-valued processes (Z)iejo,r) satisfying that E[fOT | Z4|7 dt)] < oo, E[(fOT |Z,|? dt)?/2]1/1 < o0, respec-
tively; the subset of processes with continuous paths satisfying E[sup,c(o 1 |Z|9/2]1/9 < oo is denoted by

SL(Q;C([0,T]);R?)). Whenever the notation 7~ appears in the definition of a function space we mean
the set of all functions whose restrictions satisfy the respective property when 7~ is replaced by any
s<T,e.g.,

Co([0,T7] x RY) = {u:[0,T) x R = R : g gxra € Cn([0,s] x R?) for all s € [0,T)}.
Throughout, all equations and inequalities are to be understood in the a.s. sense. We adopt the convention

that C is a constant that may vary from line to line and the operator D denotes the gradient with respect
to the space variable.

2 Problem formulation and main results

Let T' € (0,00) and let (2, F, (Ft):ef0,17, P) be a filtered probability space that satisfies the usual condi-

tions and carries an d-dimensional standard Brownian motion W and an independent one-dimensional
standard Brownian motion B.

In this paper we consider the problem of a large investor that needs to liquidate a given portfolio z € R
within the time horizon [0,T]. Let ¢t € [0,T) be a given point in time and = € R be the portfolio position
of the trader at time ¢t. We denote by £, € R the rate at which the agent trades at time s € [t,T). Given
a trading strategy &, the portfolio position at time s € [t,T) is given by

X, :z—/ &-dr, se[t,T]
t
and the liquidation constraint is
Xr = 0. (2.1)

In what follows we assume that all trading costs are driven by a factor process given by the d-dimensional

1t6 diffusion
{dy;w =b(YY)ds + o(YIV)aW,, s € [t,T),

Y=y

Our goal is to analyze the impact of uncertainty about the factor dynamics on optimal liquidation
strategies and trading costs.

2.1 The benchmark model

In this section we briefly recall the liquidation model without factor uncertainty analyzed by Graewe et
al. [26] against which our results shalll be benchmarked. Following [26], we assume that the investor’s
transaction price Ps € R at time s € [t,T] can additively decomposed into a fundamental asset price P,
and an instantaneous price impact term f(&;) as

Ps:ps_f(&)

where the fundamental asset price process P is given by a one-dimensional square-integrable Brownian
martingale, which we assume to be of the form?

dP, = 6(Y!)dB,

2See Example 2.3 below for a stochastic volatility model with uncertainty about the driver of the volatility process.



for some function 6. The investor aims at minimizing the difference between the book value of the
portfolio and the expected proceeds from trading plus risk cost. We assume that the instantaneous
impact factor is given by f(&) = n(YY)|&s|P~1 sgn(&s) for some p > 1 and some bounded function 7
that describes the inverse market depth and that the risk is measured by the integral of the p-th power
of the value at risk of an open position over the trading period. The resulting cost functional is then
given by

J(t,y,z, &) = book value — expected proceeds from trading + risk costs

T T _ T
- EP[ DYEDENPds + | X, AP+ | AYEY)|X, [P ds]
) t t (2.2)

= e[ [ O + AEIX)

where the last equality follows from the facts that X € SZ(Q;C([t,T];R)) and that P is a square-
integrable martingale under P.

For each initial state (t,y,z) € [0,T) x R? x R the value function of the investor’s control problem is
defined by

Volt,y,z) ;= inf J(t,y,x, 2.3

olt:y,z) = inf Ity z,8) (2.3)

where the infimum is taken over the set A(¢, ) of all admissible controls, that is, over all the controls £

that belong to Li? (t,T;R) and that satisfy the liquidation constraint (2.1). Under suitable assumptions

on the model parameters it was shown in [26, 28] that the value function is given by Vo = vo|z|P and

that the optimal trading strategy is given by &(t,y, x) = %x where § = p%l and where vg is the
unique nonnegative viscosity solution of polynomial growth to the following PDE:
_8tv(t7 y) - [’U(t? y) - F(yv U(ta y)) = 07 (ty y) € [07 T) X Rd: 9.4
lim v(t,y) = +o00 locally uniformly on R¢ (2:4)
t—=T
where
Lim Sitoo DY)+ (0.D). Flyw) = A) — 10
= —tr(oo , D) | y,v) = Ay) — .
2 An(y)?

2.2 The liquidation model under uncertainty

In order to analyze the impact of factor uncertainty on optimal liquidation strategies we introduce the
class @ of all probability measures () < P whose density with respect to the benchmark measure P is

given by
dQ
ﬁ =& (/t’ﬁdes>T,Q—G/.5.

for some progressively measurable process ¥ satisfying that ftT |9s]2ds < oo, Q-a.s.. Here, E(M); =

exp(M; — %) denotes the Doléans-Dade exponential of a continuous semimartingale M.

Since our focus is on the impact of uncertainty about the factor dynamics on the optimal trading rules,
we assume that the Brownian motions B and W are independent. In this case the unaffected price
process is still a square-integrable martingale under every probability @ € Q. In view of (2.2), we thus
obtain the same form for the cost function for every given probability @ in the set Q :

T
Tolt.2.) =Ba[ [ (Ve + AVIMIXP) ds]

Following a standard approach in optimal decision making under model uncertainty introduced by Hansen
and Sargent [27], we do not restrict the set of measures a priori but add a penalty term to the objective
function. Specifically, every probability measure ) € O receives a penalty

T
T(Q) :=Eq Vt é195|mds] .



The nonnegative process 6 = (és) measures the degree of confidence in the reference model: the larger
the process, the less deviations from the reference model are penalized. The case 6, =0 corresponds
to the benchmark model without factor uncertainty. The case 6, =6 and m = 2 corresponds to the
entropic penalty function, see, e.g. [2,10].

To the best of our knowledge, Maenhout [35] was the first to propose a state-dependent parameter 0
when considering the robust portfolio optimization problem of a power-utility investor. He considered
an uncertainty-tolerance parameter of the 6, = % where 6 is a positive constant, W, denotes the
wealth of the investor at time s and r € (0, 1) denotes the exponent in the power utility function. This
choice of 6 essentially corresponds to scaling the uncertainty-tolerance parameter by the value function.
In his model, this leads to a solution that is invariant to the scale of wealth and is amenable to a rigorous
mathematical analysis. Among other things, he found that for this choice of homothetic preferences the
optimal solution under model uncertainty is observationally equivalent to the optimal solution without
model uncertainty but increased risk aversion.

In our context, the approach of Maenhout [35] corresponds to the choice

A 0
0s :=
alX§|p

and thus to the penalty functional®
1
(@ =Eo| [ galo.mixspds| .
t

—1)ym—1 . . . .
where m > 2. The constant a := % is chosen for analytical convenience; this will become more

clear in the following section. We thus model the costs associated with an admissible trading strategy &
and probability measure @ € Q by

T 1
Htai&0) = | [ (a6l 4 AVEIXP = Jalonm xS s
t

We define the value function of the stochastic control problem for each initial state (¢, y, x) € [0, T)xR¢xR

as

Vit = inf J(t,y, z: €,0). 2.
(t,y,) ge}ﬁt,x)gggJ(,y,x,é‘? ) (2.5)

We assume throughout that p > 1, m > 2. Before presenting the main results, we first list our assumptions
on the factor process in terms of some positive constants ¢, C.
Assumption 2.1. (on the factor process)

(L.1) The drift function b : R¢ — R? is Lipschitz continuous and of linear growth, i.e. for each y € RY,

lb(z) = b(y)| < Clz —yl, |b(y)| < C(1L+y]).

(L.2) The volatility function o : R? — Rxd jg Lipschitz continuous and of linear growth, i.e. for each
y € RY, )
o(z) —o(y)| < Clz —yl.

(L.3) The volatility function o is uniformly bounded by C.

(L.4) The drift and volatility functions b, belong to C' and oo* is uniformly positive definite.

3We may have YT(Q) = 400 since @ is not equivalent but merely absolutely continuous with respect to P.



Next, we list conditions on the cost coefficients. Conditions (F.1) and (F.2) are required to prove the
existence of a viscosity solution to the HIB equation; the stronger condition (F.3) is required to establish
differentiability of the viscosity solution and the verification result.

Assumption 2.2. (on the cost coefficients)

(F.1) The coefficients n, A, 1/n : R — [0, 00) are continuous. Moreover, there exists a constant ko € (0, 1]
such that for y € R?, -
My) < Cly)t-rom

and -
g<y>(1—1’>ko)"” < n(y) < C<y>(1—ko)m_

Let m := (1 — ko)m.

_ a+1
(F.2) The function 7 is twice continuously differentiable, and || % | <C, H %

‘ < C where a := ﬁ

(F.3) The function A belongs to C}(R?) and 0 < ¢ <n < C.

The assumptions on the diffusion coefficients are standard. Assumption (F.1) states that A is of polyno-
mial growth and that 1 can be bounded from below and above by polynomial growth functions, whose
order may be negative. Under this assumption, we have that <y>’h(6+1)/nﬁ is of polynomial growth of
order m. Conditions similar to (F.2) and (F.3) have also been made in [28] and [26], respectively.

Ezxample 2.3. The assumptions on the diffusion coeficients are satisfied for the two-dimensional diffusion
process Y = (Y1, Y?) given by

dY} = ~Y} dt +dW}! and dY? = pdt + cdW7.
The Ornstein-Uhlenbeck process Y'! drives the market impact term while the arithmetic Brownian motion
Y2 drives the market risk. Specifically, if we choose = tanh(—Y!) + 2, then this process can be viewed
as describing a stochastic liquidity process that fluctuates around a stationary level. Moreover, for the

stochastic volatility model R
dP, = 5(Y,?)dB;
for the reference price process the instantaneous volatility of the portfolio process is given by 62(V,;2)| X:|*.

Hence, if & is bounded and continuously differentiable with bounded derivative, then ) := 52 satisfies
the preceding assumptions.

2.3 The main results

If all the processes ¥ take values in a compact set © then all probability measures @ in Q are equivalent
to P. In this case, the dynamic programming principle suggests that the value function satisfies the
following Hamilton-Jacobi-Bellman-Issacs equation, cf. [19, Theorem 2.6]

_atv(tvyvx) - ’C’V(tvya IE) - 512& sup H(t7ya x7£77~97 V) = 07 (t7ya (E) € [OvT) X Rd X R? (26)
V€O
where H is given by
1
H(ta Yy, x, ga 193 V) = <o—19’ ayV(t, Y, SC)> - gan(t, Y, SC) + C(ZU» z, g) - 5a|ﬁ|m|x|pv

and
c(y, 2, €) = n) P + Ay)|z|P.

In our case the set of probability measures is not restricted a priori. This suggests to characterize the
value function (2.5) in terms of the solution to the modified HJBI equation

—atV(t,y,$) - AC‘/(t>y7$) - énnfg sup H(t7y7$7§7197v) = 07 (t,y7l‘> € [07T) X Rd x R. (27)
R verd



Since the function H separates additively into two terms that depend on ¥ only and into two terms that
depend ¢ only,

1
inf sup H(t,y,z, &9, V) = sup {(6¥,0,V(¢t,y,x)) — -a]d|"|z|P}
SR yerd YERT 0

+ 0t {~€0.V(1,9,2) + ely, 7,6},

The structure of cost function suggests an ansatz of the form V(¢,y,z) = v(t,y)|z|P. In this case,

9*(t,y) :=arg max{<m9,Dv(t, y)> — %a|19|m}

YERL (2.8)
—60°(1 + a)[o" (y) Du(t,y)|* 0" (y) Du(t.y),
and
€ (1) = angamin { ot )lal senle) + (€}
2.9
ol y)l? (29)
n(y)?
where o = %1,6 = ﬁ. Thus,
inf sup H(t,y,,¢,9,V) =(H(y, Du(t,y)) + F(y,v(t,y) ) ol
YeR
where
) = 2w) — 0y, g) = 0% (gl (2.10)
’ Bowp

Similarly to the discussion in [26, Section 2.2], we expect the value function to be characterized by the
following terminal value problem:

_8tv(t7 y) - E’U(t7 y) - H(yv Dv(ta y)) - F(ya U(ta y)) =0, (t7 y) € [07 T) X Rd7 911
tlin% v(t,y) = +0oo locally uniformly on R%. (2.11)
"

The problem reduces to the terminal value problem (2.4) in the absence of model uncertainty (H = 0).

The following theorem guarantees the existence of a unique nonnegative viscosity solution to this singular
problem under conditions (L.1)-(L.3), (F.1), (F.2) and # > «, which corresponds to m > p. The
additional assumption 3 > a can also be found in [23] where the authors study the entire solutions of a
similar kind of elliptic equation. The proof is given in Section 3.

Theorem 2.4. Let m > p. Under Assumptions (L.1)-(L.3), (F.1) and (F.2), the singular terminal value
problem (2.11) admits a unique nonnegative viscosity solution v in

Ci([0,T7] x RY),

where m is introduced in condition (F.1).

Since the maximizer ¥* in (2.8) depends on Dw, we expect the verification theorem to require the
candidate value function v to be of class C%!. As it turns out the verification argument does not only
require C%'-regularity of v but also requires the gradient to have a particular asymptotic behavior near
the terminal time. In fact, we prove that uniformly in y as ¢ — T the function v satisfies

(T —t)Po(t,y) = n(y) + O(T — t)*=*/%) and (T —t)Y?Du(t,y) = Dn(y) + O((T — t):~2/7).



Thus, under the additional assumption that 8 > 2«a, which corresponds to m > 2p — 1, we obtain that

lim (T — t)"Po(t,y) = n(y), and lim (T — )P Du(t,y) = Dn(y). (2.12)

t—T t—T

The proof of the following theorem is given in Section 4.

Theorem 2.5. Let m > 2p — 1. Under Assumptions (L.1)-(L.4), (F.2)-(F.3), the unique nonnegative
viscosity solution v to the singular terminal value problem (2.11) belongs to C%1([0, T~]xR?) and satisfies
the asymptotics (2.12).

The previously established regularity of the candidate value function is enough to carry out the verifica-
tion argument, which is proven in Section 5.

Theorem 2.6. Let m > 2p— 1. Under Assumptions (L.1)-(L.4), (F.2)-(F.3), let v € C*1([0,T~] x RY)
be the nonnegative viscosity solution to the singular terminal value problem (2.11). Then, the value
function of the control problem (2.5) is given by V (t,y,x) = v(t,y)|x|P, and the optimal control (£*,9*)
is given in feedback form by

v(s, Yiv)P

i XL and 9 =071 )" (0 Dol YN (D, I (213)

£ =

In particular, the resulting optimal portfolio process (X3)scpe,1) is given by

s Yiy)B
Xy =uwmwexp (—/ M dr) . (2.14)
e n(Y)?

Remark 2.7. The preceding results show that — as in [35] — the model with factor uncertainty is equivalent
to the benchmark model (2.2) when the market risk factor A is replaced

A=A+ H(y, Du(t,y)).
In particular, under model uncertainty the investor liquidates the asset at a faster rate.

We close this section with first order approximations of the value function and the optimal trading
strategy for the model with uncertainty in terms of the solutions to the benchmark model without
uncertainty. These results allow us to obtain the value function and optimal trading strategy based
only on the benchmark model in the case of a small uncertainty-tolerance parameter. We first state our
approximation result for the value function. The proof is given in Section 6.

Theorem 2.8. Let m > 2p — 1. Let w = v(T — t)*/? and wo = vo(T — t)*/? where vy denotes the value
function of the benchmark model. Under Assumptions (L.1)-(L.4), (F.2)-(F.3), we have that

= wy, (2.15)

on [0, T] x R, where wy is a unique nonnegative solution to the PDE

{_atv(tvy) - 'Cv(tvy) - fl(t,y,v(t,y)) =0, (tvy) € [OaT) X Rv

2.16
o(T,y) =0 yeRY, (216
whose driver

B
filt,y,v) = |o* Duo|"F (T — 1)1/F — a ;nlﬁ)vo v+ %(Tqi t)

depends on the solution to the benchmark model without factor uncertainty.




Theorem 2.8 allows us to derive a first order approximation of the optimal trading strategy under model
uncertainty in terms of the solution to the benchmark model and the first order approximation to the
value function.

Corollary 2.9. Let m > 2p — 1. Let v; = (T—WW and let vy and £%* be the value function and the
optimal strategy in the benchmark model, respectively. Under Assumptions (L.1)-(L.4), (F.2)-(F.8),
5* _ 50,*

lim >——>— = £, locally uniformly on [t,T), (2.17)
-0 0«

where £ € LE(t,T;R) is defined by

v1(s, YY)
vo(s, YY)

&= - [ty ey, sl (2.18)

| v—vg—0%v;
v

The dependence of the relative error | |loo of the first order approximation for the value function

is shown in Figure 1. Parameters are chosen as

bly) = —y, 0 =1, n(y) = tanh(—y) +2, o(y) =e¢ ¥, p=2, m=5 z=1y=1, T=1.

OEH 015 02 025 03 035 04 045 05
Figure 1: Relative error of the first order approximation: value function

* 0,% __pog
’M H for the trading strategy where 7 =
t

Figure 2 displays the expected relative error E[ m[ax]

te[0,7
0.9. The simulations suggest that both the value function and the optimal strategy are well approximated,
even for relatively large uncertainty tolerance parameters with the relative errors staying within a 5%
range for # < 0.5. The reason we consider the relative error for the trading strategy only away from the
terminal time is the uncertain singularity arising in the absolute error that leads to the locally uniform

convergence.

3 Viscosity solution

In this section, we prove Theorem 2.4. The proof uses modifications of arguments given in [28]. In a first
step, we establish a comparison principle for semicontinuous viscosity solutions to (2.11). Due to the
terminal state constraint we cannot follow the usual approach of showing that if a l.s.c. supersolution
dominates an u.s.c. subsolution at the boundary, then it also dominates the subsolution on the entire
domain. Instead, we prove that if some form of asymptotic dominance holds at the terminal time, then
it holds near the terminal time.

10



1 | Il
0.1 015 02 025 03 0.35 04 045 05

Figure 2: Relative error of the first order approximation: trading strategy

In a second step, we construct a smooth sub- and a supersolution to (2.11) satisfying the required
assumptions. Using Perron’s method, we can then establish the existence of an upper semi-continuous
subsolution and of a lower semi-continuous supersolution, which are bounded by the respective smooth
solutions. In particular, the semi-continuous solutions can be applied to the comparison principle. This
establishes the existence of the desired continuous solution.

We start with the following comparison principle. The proof is given in Section A.2. We emphasize that
the comparison principle will only be used to prove the existence of a viscosity solution. This justifies
the rather strong assumptions (3.1) and (3.2) below.

Proposition 3.1. Assume that Assumptions (L.1)-(L.3), (F.1) and (F.2) hold. Let m be as in condition
(F.1). Fiz§ € (0,T). Letuw € LSCx ([T — 0, T~ x R?Y) and u € USCy ([T — 3, T~] x R?Y) be a nonnegative

viscosity super- and a viscosity subsolution to (2.11), respectively. If, uniformly on RY,

t a(t, y) (T — t)V/F —
lim sup 4 - < 0 < liminf a(t,y)( ). n(y)
T (y)™ =T (y)™

ﬁ\/ é;jlln(y) <u(t,y)(T—0)F, alt,y)(T-1)"P <Cy)™, te[l-6,T) (32)

for a constant C, then

; (3.1)

and

We are now going to construct smooth sub- and supersolutions to (2.11) that satisfy the conditions (3.1)
and (3.2) of the above proposition. The supersolution will be defined in terms of the function

h(t,y) := L(T — t)(y)™ (3.3)

where m is introduced in condition (F.1), and where the constant L will be determined later. Using the
condition (F.1), we can find a constant Cp > 0 such that

— Osh(t,y) — Lh(t,y) — 240°CH Dh(t, y)|** — A(y)

_ _ . ~ (3.4)
>L{y)™ = CoL(T — t){y)™ — CoL*T(T — )+ {y)™ — Co(y)™.
Choosing L > 3Cy and then 7 = %, we get that
—0uh(t,y) — Lh(t,y) — 2°C*TLDh(t,y)|*t — A(y) >0, (t,y) € [T —7,T) x R%, (3.5)

11



Lemma 3.2. Suppose that Assumptions (L.1)-(L.3), (F.1) and (F.2) hold. Let € := 1 — a/f. There
exist constants K > 0,0 € (0,T] such that

n(y) — () ZL(T — 1)

o(t,y) == T =01/ (3.6)
and
olt.y) o= M= ) (.1

are a nonnegative classical sub- and supersolution to (2.11) on [T —0,T) x R?, respectively. Furthermore,
0,0 satisfy the conditions (3.1) and (3.2).

Proof. In view of (F.2), the quantity H%H is well-defined and finite; hence &y := 1/||%|| > 0. It has been
shown in [28] that ¥ is a subsolution to (2.11) on [T — &y, T) x R? when H = 0. Since H is nonnegative,
we know that o is still a subsolution on [T — do,T) x R%. We now verify that © is a nonnegative classical
supersolution to (2.11) on [T'—d;, T) x RY for small §;. To this end, we first obtain by a direct computation
that

n(y) + K (1 — Be)n(y)(T — ) + BLy(y)(T — t)(1 + K(T — t)°)
B(T — )BT/

_at'[)(t’ y) - [,f)(t, y) = -
— Ouh(t,y) — Lh(t,y).

Assuming that K6¢ < 1 and &; < 1, we see that K(T' —¢)¢ <1 and (T —t)!=¢ < 1fort € [T —61,7).
Thus, ~
n(y) + K1 = Be)n(y)(T — ) + 28Cn(y)(T — 1)°

B(T —)(F+1/5 (3.8)
— Ouh(t,y) - Lh(t,y).

Recalling the definition of H and F' in (2.10),

*atﬁ(ty) - ‘C@(tay) > —

ool ‘D77|a+1[1 + K(T — t)e]aJrl

_ gapaa+l 7 a+1
= s 2902+ Dh(1, y)|

_H(yv Dﬁ(ta y)) > —299

__gapaya+l |‘D77|aJrl H [1 +K(T_t)€]a+1 _ oapaa+tl 7 a+1
> —999°C Hin ) ey~ 200 IDh(t ) (3.9)
> _92a+lgaFat2 77(3/) _ 2a9aéa+1|DiL(t, y)|a+1.

(T — t)(1+a)/B

Applying Bernoulli’s inequality in the form (u + v 4+ w)?*! > w/*1 4+ (8 4+ 1)uPv for u,v,w > 0 to the
term |9(t,y)|?*! in F, we obtain

n()"* + (8 + Dn(y) n(y) K(T — t)° (3.10)
Bu(y)(T — )8 | |

—F(y,0(t,y)) = =A(y) +

Hence, adding (3.8), (3.9) and (3.10) and using (3.5) yields,

- at@(ﬁa y) - E’l}(t, y) - H(y7 Dﬁ(tv y)) - F(y7 ﬁ(ta y))
(14 ¢)K — 20 — 22a+1gada+2
= 77(3/) (T _ t)(1+a)/ﬁ
— 0ih(t,y) — Lh(t,y) — 2°0°CDh(t, y)|* T = A(y)
(1+e)K —2C — 220t1gaCot?

(3.11)

. ~ 2a+1pga ya+2 .
Choosing K > % and then d; = min{1, %, %}7 we conclude that

—0,0(t,y) — Lo(t,y) — H(y, Do(t,y)) — F(y,o(t,y)) >0, (t,y) € [T —6,,T) xR

12



Next, we prove that 0, satisfy the asymptotic behavior (3.1) and (3.2). Recalling the definition of @,
and using the condition (F.1), we have

(T — )Pt y) =nly

_|_
S

RO
2
~
ES

uniformly in y as t — T

] (3.12)
(T —0)YP0(t,y) = n(y) + W)™O((T —t)°), uniformly in y as t — T
From this, we see that
0 T —)1/8 _ 3 T — $)1/8 _
lim ot y)( t)~ n(y) = lim ot y)( t)~ n(y) =0, uniformly on R (3.13)
t—T <y>m t—T <y>m

which verifies the condition (3.1). The upper bound in (3.2) can be obtained using the condition (F.1)

again. Moreover, for the lower bound in (3.2), choosing & := min{do(1 — {/ %ﬁﬁjll ), 01}, we have that for
all (t,y) € [T —6,T) x RY,

Ln

ot y) (T —0)P = ny) = ot y)(T - t)"/? =n(y) — IS IT =) 2 o2l

B+1

n(y).

O

Remark 3.3. Due to the presence of the gradient term H, an additional term (3.9) needs to be dominated
and thus we make the choice that e =1 — «/8. If H = 0, we can choose € = 1 as in [28].

We are now ready to prove the existence result.

Proof of Theorem 2.4. In order to apply Perron’s method, we set
S = {ufu is a subsolution of (2.11) on [T — 6, T) x R? and u < 9}.
Since v € S, the set S is non-empty. Thus, the function
v(t,y) = sup{u(t,y) : u € S}

is well-defined and satisfies that ¥ < v. Classical arguments® show that the upper semi-continuous
envelope v* of v is a viscosity subsolution to (2.11). From [44, Lemma A.2], the lower semi-continuous
envelope v, of v is a viscosity supersolution to (2.11). Since ¢ < v, < v* < 0, we have for all (¢,y) €
[T —6,T) x R? that

1
\ 25:1177@) <0 (ty)(T = )P v (ty)(T — )P < Cy)™,
and
oty (T =) —ny) _ vt.y)(T =Y —ny) _ v*(ty)(T =1V —n(y)
(y)™ - (y)™ - (y)™
_ oty (T —6)F —n(y)
- (y)™ '

Hence, it follows from (3.13) that
vt y) (T = 1)F —n(y)

Lt y)(T — )P —
lim 2 (,9)( - n(y) = lim - =0, uniformly on R (3.14)
t—T <y>m t—T <y>m

From our comparison principle [Proposition 3.1] we can thus conclude that v* < v, on [T —6,T) x R? |
which shows that v is the desired viscosity solution to (2.11) that belongs to Cy, ([T — 3, T7] x R9).

4The standard Perron method of finding viscosity solutions for elliptic PDEs can be found in [16]. We refer to [44,
Appendix A] for the proof of this method for parabolic equations.
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Next, we find a sub- and supersolution to (2.11) on [0,T — 6] x R? with terminal value v(T — 4,-) at
t =T — 6. Obviously, 0 is a subsolution of (2.11). We now conjecture that there exists a constant L > 0
such that w := L(y)™ is a viscosity supersolution to (2.11). In fact, since v < ¢ at t = T — J, we see that
¢ e ~ )
oT = 69) < 5 + )™ < (G +1) @), yeRe

Let h(y) := (y)™. In view of the condition (F.1), we have that
— 0(t,y) — Lw(t,y) — H(y, Dw) — F(y,w(t,y))

— _ — _ h(y)ﬁﬂ
> _LLh(y) — 6°C T Dot — a(y) + TP RY
>~ LLh(y) DR+~ A(y) T

1 —p+1 - —a+1
>h — L —CoL—CyL  —Cy |,
>h(y) ( 3CH 0 0 0)
where the constants Cy and C are chosen as in (3.4) and (F.1), respectively. Choosing L large enough,

we have that
—0uw(t,y) — Lw(t,y) — H(y, Dw) — F(y,w(t,y)) > 0.

Furthermore, W+ /5® is of polynomial growth of order m. Combining the general comparison principle
[Proposition A.1] with Perron’s method, we obtain a viscosity solution v € Cy([0,T — 6] x R%). From
the comparison principle for continuous viscosity solutions [Lemma A.3], we get a unique global viscosity
solution v € Cp, ([0, 7] x RY). O

4 Regularity of the viscosity solution

This section is devoted to the proof of Theorem 2.5. We assume throughout that Assumptions (L.1)-(L.4)
and (F.2)-(F.3) are satisfied and that 5 > 2. In this case 7 = 0 and the viscosity solution v obtained
in the previous section belongs to Cy,([0, 7] x R?).

Unlike in [28], continuity is not enough to carry out our verification argument. We need to prove that v is
of class C%! and satisfies (2.12). The desired regularity of the viscosity solution away from the terminal
time can be established using classical PDE results or the standard link between viscosity solutions and
forward-backward SDEs once the desired regularity near the terminal time has been established. The
key challenge is thus to prove that there exists some § > 0 such that for (t,y) € [T — §,T) x R? the
gradient Du(t,y) exists and satisfies

C

|Du(t,y)| < m

4.1 Regularity near the terminal time

In view of the definition of € in Lemma 3.2, we know that e =1 — % € (%7 1). Recalling the asymptotic

behavior (3.12) of the super- and subsolution, the viscosity solution v constructed in the previous section

is of the form ~
n(y) +at, y)

U(Tftay) = 1178 )

(4.1)
for some function u that satisfies

a(t,y) = O(t°) uniformly in y as t — 0.
We choose the following equivalent ansatz:

t
(T —t,y) = % + Z&’l‘%, u(t,y) = O(t' ) uniformly in y as t — 0. (4.2)

It is worth pointing out that if H = 0, we can choose e =1 in (4.1) and (4.2). Plugging the asymptotic
ansatz into (2.11) results in a semilinear parabolic equation for v with finite initial condition. The proof
of the following lemma is similar to [26, Lemma 4.1] and hence omitted.
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Lemma 4.1. If, for some § > 0°, a function u satisfies
u(t,y)| < tn(y), te[0,8],yeRY, (4.3)
and solves the equation

du(t,y) = Lu(t,y) + Fot,y,u(t,y), Dult,y)), te(0,0],y e R,
u(0,y) =0, y € RY,

where

+ 6°t°

then a local solution v € COY([T — §,T~] x R?) to problem (2.11) is given by

n(y) n u(T —t,y)
(T —1)1/8 " (T —1)i+1/B

U(t7 y) =

The case H = 0 has been solved under additional regularity assumptions in [26] using an analytic
semigroup approach. Due to the presence of H in our case, we need to choose € < 1, which renders the
analysis more complex. In particular, the locally Lipschitz continuity in [26, Lemma 4.5] no longer holds
in our case. Instead, we solve equation (4.4) using the weak continuous semigroup approach introduced
in [18, Section 4] in order to obtain a solution in a space of functions with the desired asymptotic behavior
near the initial time.

In a first step we introduce the transition semigroup. Under Assumptions (L.1) and (L.2), the operator
Poslel(y) = Elp(Y]¥)], w€Cy(RY),0<t<s

is well-defined and satisfies the Markov property P, = P; sPs, for 0 <t < s < r. Since b and o are
independent of the time variable,

Bislel(y) = Pos—ilel(y)-

For convenience, we denote
Bilel(y) = Blp(Y")], ¢ € Cy(RY). (4.5)

For every ¢ € Cp(R?),
[Pl < llell, (ty) € 0,T] x R (4.6)

Furthermore, from [18, Theorem 4.65], we have the following proposition.

Proposition 4.2. Suppose that Assumptions (L.1)-(L.4) hold and let ¢ € Cy(R%). Then for every
0 <t < T, the function y — Pi[p](y) is continuously differentiable on R?. Moreover, there exists a
constant M > 0 such that for every p € Cy(R?) and for 0 <t < T,

M
IDR[IWI < sz llell, v e R (4.7)
Next, we introduce the notion of a mild solution of our modified PDE.

Definition 4.3. We say that a function u : [0,] x RY — R is a mild solution of the PDE (4.4) if the
following conditions are satisfied:

5For convenience, we use here the same symbol as in Section 3. We can always choose the smaller one to define 4.
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(i) ue CYl([0,0] x RY).

(ii) for every t € [0,7] and y € R?,

ulty) = / Py J[Fo(s. - u(s, ), Du(s, )] (v)ds. (4.8)

We prove the existence of a mild solution to (4.4) by a contraction argument. To this end, we need to
choose an appropriate weighted norm on C,? ’1([0, 8] x R?) to cope with the singularity in Fy. Recalling
the ansatz (4.2) and the property (4.7), we consider the space

- {u € C21([0,8] x RY) « [[u(t, )| + [[£/2Du(t, )| = O(+<) as t — o} (4.9)

endowed with the weighted norm

ult. )l 1Dult.p)y
(et + st

||’U/||Z = sup t1+5 t1/2+6

(t,y)€(0,6] xR

It is easy to verify that the vector space ¥ endowed with the norm || - ||z is a Banach space.

Lemma 4.4. Suppose that 8 > 2« and that Assumptions (L.1)-(L.4) and (F.2)-(F.3) hold. Let R >0
and 6 € (0, “3/c/R A1]. Define the closed ball Bs(R) := {u € ¥ : |Ju||z < R}. For every u € Bx(R),
the function

fO(t? y) = FO(t7 Y, u(tv y)7 Du(t’ y))

is continuous on [0,8] x RY.

Proof. For u € Bx(R), we may decompose fo(t,y) in the following way:

fo(t,y) =tLn(y) + " A(y) — (p — Dn(y)go(t, y) + 0%t“g1 (¢, y). (4.10)

where

a+1

e =271 () ot -

k=2

" (y) (Du(tty) + Dn(y)>

The assumption § < <~ 3/c/R guarantees that the series converges since then

t'H* R 5°R
<
tc T ¢

<1, tel0,d],y € R

E

Moreover,

< iR<¢ tel0,6],yeRe (4.11)

Du(t,y) < trteR
t - t
In view of (4.10) it is sufficient to prove that go and g; are continuous in ¢, uniformly with respect to y

on every compact subset of R?. In fact, by the mean value theorem, we have for 0 <t < s < §,y € R?
that

a+1 a+1

lg1(t,y) — g1(s, )| < ||o"(y)

(Du(tt’y) + Dn(y))

a*(y) <IM(:M + Dn(y))

Du(t,y)  Du(s,y) ‘
; .

< (a+1)c_va+1(g+c_v)(x

S
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In order to establish the continuity of go, notice that for every k > 2 and 0 < t < s < 4,y € R? it holds

that . N )
(Far) ~ (o)
k

o L julty) ulsy) ut,y) | |uls, y)
— ck t s t s
1=0

R lulty)  u(sy) X a (4.12)

< ) N ) 1€ e(k—1-1)
k—1

< kR U(t,y) _ U(S,y) S(k—l)e
- ck t s
S ﬁ(Ris)k—l U(t,y) _ U(S,y) ‘ .

c ¢ t S

Using the identity k(ﬁf) =(B+ 1)(k€1), we get that

u(t,y)  u(s,y)

t S

l90(t,) — go(s,9)| < (B + 1) max{2? — 1, )

c

u(ty) Du(t,y)
t

P are continuous on [0, §] x R%. [

The claim now follows from the fact that the maps (¢, y) —

The following lemma can be established using similar arguments as above.

Lemma 4.5. Suppose that 8 > 2a and that Assumptions (L.1)-(L.4) and (F.2)-(F.3) hold. For every
R > 0 there exists a constant L > 0 independent of 6 € (0, “~3/c/R] such that

|F0(t,y,u(t,y),Du(t, y)) - FO(tvya U(t7y)7 D’U(t,y))‘

€ |U(t,y) — U(tvy)| ‘Du(t7y) — D?)(t, y)|
i (1400t Dut)

) , u,v € Bxg(R), t€[0,d],y € R

We are now ready to carry out the fixed point argument.

Theorem 4.6. Let 8 > 2a. Under Assumptions (L.1)-(L.4) and (F.2)-(F.3), there ezists a constant
d > 0 such that Equation (4.4) admits a mild solution u in the space ¥ defined in (4.9).

Proof. Let us define the operator

t
Dlul(t) = [ PelFols.,uls. ). Duls, )] (w)ds (113
0
STEP 1: THE MAP [’ IS WELL DEFINED ON THE CLOSED BALL Byx(R). Let u € Bx(R). By Lemma 4.4

and [18, Proposition 4.67]%, we see that '[u] € Cy([0,6] x R?) and DT[u] € Cy((0,d] x R?). In order to
see the continuity of DT'[u] at ¢t = 0, we differentiate (4.13) to obtain that

DT [u)(t,y) = /0 DP;_ [Fy(s,-,u(s, "), Du(s,)|(y)ds, (t,y) € [0,0] x R, (4.14)

By Proposition 4.2,
t
ot < [ w0 = Vg
o (t—s)V

From this, we conclude that the map (¢,y) — DT[u](t,y) belongs to Cy([0,d] x RY).

6The strong continuity in this proposition is equivalent to the standard continuity in finite-dimensional space.
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STEP 2: CONTRACTION PROPERTY OF I' ON FZ(R) FOR A SUITABLE CHOICE OF R, 4. Let

1
B(a,b) := / r (1 — ) tar
0
be the Beta function with a,b > 0. We choose
R =2(1+ MBy) (|[1£nll + Al + 6% [lo™ Dyl|**).,

and

§ = min{ “"3/c/R, " 3/1/(2L(1 + M By)), 1},
where L > 0 is the Lipschitz constant given by Lemma 4.5 and

11

1
=), Bj:= B(2e—|—2 5

By :=B(1+e, )

5)

Let u,v € Bx(R). By Lemma 4.5, we have for (¢,y) € [0,8] x R? that

|F[u}(t7 y) - F[U] (t7 y)'

s s[Fo(s, - uls,-), Du(s,)) = Fo(s, -, v(s, ), Dv(s, -))|(y)ds

/ ”FO Sy, u ),DU(S,~)) *F()(S,~,’U(S,‘),D’U(S,~))Hd5

S/ Is¢ (IIU( ) sl IIDU(&-)—Dv(s,-)II)d
_ OtL 2ellus, ) —v(s Il L sepp[IDu(s, ) — Duls, )|
o o )

glte gl/2+e

<L2HY2 ||y — v|g.

Similarly,
\DF ul(t,y) — DT[] (¢, y)|
FO Sy ( 7')>Du(57'))_FO(Sv'vv(S")aDU(S"))](y)dS
M/ 1/2 1 Eo (s, y,u(s,-), Du(s,-)) — Fo(s,-,v(s,-), Dv(s,-))| ds
/ ML 1/2 ( . 1/2”“*9”2) ds
§MLBlt26||uvag.
Hence

1
IT[u) = To]lls < 5w —vlls-

STEP 3: T MAPS By (R) INTO ITSELF. Note that s¥ <1 for all k > 0 and s € [0, d] since § < 1. Hence,
it holds for every ¢ € [0, d] that

t

IT[0](t,y)| = ; Pi_s[Fo(s,-,0,0)](y)ds

¢
< / |sLn + sPA + 0%s|o* Dn|* | ds
0

< (Ll + I+ o™ Dall =),
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and
|DT[0](¢, )| = ‘ /0 DP,_[Fy(s,-,0,0)](y)ds

t
1
« €| _* a+1
S/O mMHsﬁn—i-sp)\—FH s¢lo* D Il ds
<t V2MBo (|| Ll + A+ 6%(lo™ Dyl * ).
Thus,
[T[u][s < [IP[u] = T[0]fls + [[T[0]]|s < R.

Hence, I is a contraction from By (R) to itself and has a unique fixed point u in By (R). O

4.2 Regularity away from the terminal time

In this section we finish the proof of Theorem 2.5. We also provide a standard link between our viscosity
solution and a class of singular FBSDEs that will be useful for proving the verification argument.

Proof of Theorem 2.5. Combining Lemma 4.1 with Theorem 4.6, we know that there exists a mild solu-
tion w € CY' ([T — 6,7~ x R%) defined by

n(y) u(T —t,y)
(T_t)l/,@ (T_t)1+1/67

w(t,y) = on [T —6,T) xR

to the equation (2.11). By [12, Theorem 15|, this implies the existence of a solution w in the space
CPH([0,T — 6] x R%) to the PDE
[o(t, )|+
Bn(y)?
o(T = 8,y) = w(T = &,y), y € R%
(4.15)

—0v(t,y) — Lo(t,y) — Ay) + —6%o™ (y)Do(t,y)|*™ =0, (t,y) €[0,T —3) x R,

Altogether, this yields a solution w € C’l?’l([O7 T-] x R?) to the PDE (2.11). Since u belongs to the space
Y defined in (4.9) it follows from the boundedness of Dn derived from (F.2) and (F.3) and the fact that
e—1=1—a/B>0 that w satisfies (2.12). Since v is a viscosity solution to the PDE (2.11) we deduce
from Lemma A.3 that v = w on [0,T) x R%. Hence v satisfies the desired regularity properties. O

Remark 4.7. Our global regularity result uses [12, Theorem 15] whose proof is based on probabilistic
arguments. Alternatively, one can use PDE arguments to obtain the existence of a global smooth
solution. Classical a priori estimates in [31] show that the gradient of v is bounded if it exists. Under the
additional assumption that the diffusion operator £ generates an analytic semi-group in C(R%) (which
excludes Ornstein-Uhlenbeck processes) one can then use results established in [34, Chapter 7] to show
that the solution to our HJB equation is a classical solution away from the terminal time; see [26, Proof
of Theorem 2.9] for details.

Since the gradient of the terminal condition of the PDE (4.15) is bounded, classical PDE results show
that the gradient of the solution is uniformly bounded on the entire domain [0,7 — 6] x R%. The same
result follows from the classical link between viscosity solutions to PDEs and FBSDEs. The next result
is standard, see [12, Theorem 15] and [41, Theorem 3.6] for details. Both the FBSDE representation of
our viscosity solution and the global gradient bound will be very useful when proving the verification
argument.

Corollary 4.8. Suppose that 3 > 2a and that Assumptions (L.1)-(L.4) and (F.2)-(F.3) hold. There
exist processes (UYY, ZM) € S¥(t,T~;R) x HL(t,T—;RY™™4) for all ¢ > 2 satisfying

U =v(s, YY),  Zo¥ = Du(s, YS¥)o(s, YY) (4.16)
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and for anyt <r <s<T,

Uty — gty 4 / F(Y!, ULY) 4 6% 250

regp — / ZHVdw,. (4.17)
Furthermore, there exists a constant C > 0 such that

c
— . re[T—4T);
|Ztv) < (T —7)H/F [ ) (4.18)

C, relt,T -0

5 Verification

This section is devoted to the verification argument. We first prove admissibility of the strategy &*
by using the estimates of the nonnegative viscosity solution v derived from the proof of Theorem 2.4.
Subsequently, we show that (£*,9*) is a saddle point of the cost function and is indeed optimal. The
proof uses a change of measure argument. Since the viscosity solution belongs to Cy»* ([0, 7~] x R%) and
satisfies the asymptotics (2.12), the optimal density J* has sufficient integrability for the corresponding
stochastic exponential to be a true martingale.

Lemma 5.1. The feedback control £ given by (2.13) is admissible, and the portfolio process (X} )gep 1y
18 monotone.

Proof. From the construction of the viscosity solution in the proof of Theorem 2.4, we have that o < v < v
on [T — 6, T) where ¢ and ¢ were introduced in (3.6) and (3.7), respectively. Moreover, under condition
(F.3) the function h introduced in (3.3) reduces to h(r,y) = L(T — r) because m = 0. Hence, for
re[lT—46,T)

1 || £2)/(T ~r)

G T ey 4 b v,

) < V) € =i

For s € [T —4,T),

s Yity)B
|X:‘ S |;L"exp (_/ ’U(Ta t’r ) d’l")
¢ n(YY)P

Ln p
o / (L= -n)
x|exp | — r
T—§ (T —r)
B
s 1= (1= 15T =) ©
< |z|exp / dr | -exp (—/ dr)
T—6 (T - T) T—6 T—7r
T—s s
< Ola|—2 =T, .
(1l £y (T—))?
The last inequality holds because lirr% (1 l‘(ji’ilL()T ) = ﬁ||%|| As a result, X} = 0.
r—

For controls £* given by (2.13), the process (X3)ept,7) is obviously monotone. It remains to establish
the integrability of ¢*. In fact, since 1/7n,v are bounded on R¢ and [0, T — 6] x R?, respectively, we see
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that . . .
sup [€7| < sup  [€5[ 4+ sup  [&]]
t<s<T t<s<T—§ T—6<s<T

v(s, Yhv)P
= sup 7( tsy) | X
t<s<r—5 n(YsY)B

v(s, YiY)P
r—s<s<r 1(YIY)B

s | X5
s S

B
v(s, YY) (1 + KT° + LF{;Z;) T s
<lz] sup  —— sup e -Clz|
t<s<r—5 (YY)  T-s<s<T T-5s 0
< + 00.

It follows that £* € L¥ (¢, T;R) and hence that £* is admissible.

O

The following lemma shows that for any £ € A(t, x) the expected residual costs vanish as s — T under
a particular class of equivalent measure.
Lemma 5.2. For every £ € A(t,x) and every Q € Q satisfying
E [eqftT Wr‘zdr} < oo, for everyq >0,
it holds that
Eq [v(s, YIY)|XEP] — 0, s—T. (5.1)
Proof. Set ms = &( fts 9.dW,.). For k > 1,s € [t,T], by the Holder inequality, we have that

E [(ﬂ_s)k} ) [ek J70rdWe—k? [7 0,2 dr | (K2 —k/2) [ |19,,,|2dr]

= <]E {5(% /t z%dWr)Dl/Q. (E [6<2k2—k> I wrmr})l/? .

Since X§ = X5 + fST & dr = fST &, dr, using Holder inequality again, we obtain

T
XEP < (T — 5)1/8 / &P dr.

S

Close to the terminal time the upper estimate v(s, Y¥) < W holds; away from the terminal time,
v is bounded. Hence this estimate holds everywhere and so

Eq [v(s, Y]V)| XS] = E [mou(s, V)| XEPP]

s /ST &P dr]

<C ((T — $)E [(1:)’] E

<CE

T 1/2
/ |sr|2per |

Letting s — T, the desired result (5.1) follows since £ € L?_?(t, T;R). O

Our verification argument will be based on the following probabilistic representation of the viscosity
solution to (2.11).

We are now ready to carry out the verification argument. We will show that v(-,-)|-|? is indeed equal to

the value function of our control problem and that the candidate strategy is optimal on the whole time
interval.
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Proof of Theorem 2.6. For fixed t < s < T, by Corollary 4.8 we have that

utr<us+ [ (P, + 128
t

S
1y gy / 259 4w,
t
This allows us to apply to U:Y|X§|P the integration by parts formula on [¢, s] and to get that

Hr Xzl

U el U IXEP + [P, UE) 4 00200
t
PG U (X XEP D ar = [z aw.
t
Denote WY = W, — [, 9,dp. Thus,
U al? <UL XS + [ {(F 0, 08) 4 0|z e = g, 2 X
t

PG UL s (XIXEP )y dr — [ 20X aw. (5.2)

t

In what follows, we show that (£*,9*) is a saddle point of the functional J, ie.

J(t,y,2;:65,9) < J(ty, 2 €,9%) < J(ty,;€,9%).

STEP 1: J(t,y,x;&*,0%) < J(t,y,2;£,9*) FOR EVERY .

Set w2 = E( [ ¥;dW,). From the definition of ¢¥* in (2.13), we see that |9}| < (14 «)§%|Z1¥|*. Using
the estimate in (4.18),

T T T—6
/ w;\%zsg/ |19§|2ds+/ 9% 2ds
t T—-6 t

T C2a T—6
< 2420 2a (5.3)
< (14 a)0 (/;p_[;(Ts)Qa/ﬂds+/t C*%ds

< (1+ a)2g2ec2e (51*26“/5 + T) < +oo.

Hence E[(7})*] < +oo for every k > 1 and the Novikov condition implies that 7* is indeed a positive
martingale. Setting d@Q* = 7;.dP, by the Girsanov theorem WY is a Brownian motion under Q*. This
allows us to show that the stochastic integral in (5.2) is a Q*-martingale. Since Z%¥ is bounded away

from the terminal time and
T
E[ sup |X:|*] < CE / |§rl2”d7“] :
t<r<s t

we have that

s 1/2 s 1/2
o { / |Zﬁ’y|2X§|2pdr} —E[(wzf / Ziyy|2|X§|2”dr]
. t
3/4 2/3 s 3/2 1/3
< (fer o] (o] )
t<r<s t
2/3 ,
#\6 3 X¢§|2r 1/3
< (E (7¥) n Supy<,<s | X7 ‘|> <IE {T3/2 sup |Zﬁ’y|3]>
4 4 t<r<s
< +00.

Set
oy, z, &) == + Ay)lzP, Cly,z,&9) = cly, 2,§) — élﬁlmlﬂ«“\p-
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By (2.9), we have that
Ui al” = Eq- [UyYIXI)"] +Eq- { / OV, X 60, 07) dr}
t
+ g | [ (POEIUIIXEP 406U sn(KIXSP ™ - e, X6 |
t

< Eq- [UsYIXS[P] +Eq- { / (Y, X5, & 0% dr} . (5.4)
t

. ty . . .
Since U,"Y is nonnegative, we can obtain that

51 s
Bor | [ GO IXSPar < Bor [UIXEP) + - | [ otviv xE 6 ar].

The right hand side is finite as s goes to T by Lemma 5.2 together with the admissibility of £ and the
boundedness of 1, A\. In view of Lemma 5.2, letting s — T in (5.4) we get

vt y)lalP < J(t,y,2:€,9%).
Finally note that the equality holds in (5.4) if £ = £*. This yields
v(t,y)lal? = Eq-[v(s, Y{¥)| X5 7] + Eq- {/ C(YHv, XE, &, 07) dr
t
— J(ty, z;&,0%) ass— T.

Thus, ~ ~

STEP 2. J(t,y,x;&*,0) < J(t,y,x;&*,9*) FOR EVERY 0.
Let us introduce the sequence of stopping times
Tp = 1inf{r € [¢,T] : / 19,2dp > n}.
t

Put ¥} = 9,1,<,, and define W = W, + j;r 97 dr. From the definition of 7, it follows that

T Tn
/ " 2dr = / 19, [2dr < n. (5.5)
t t

Therefore, defining 7' = £(f;” ¥7dW,), the Novikov condition implies that E[r}] = 1. Setting dQ" =
7dP, by the Girsanov theorem W' is a Brownian motion under Q™. Moreover, E[(7™)*] < +oo for
every k > 1.

As discussed before, we can show that the stochastic integrals fts ZLY|XE [P dWP" are Q™-martingales
for any n € R. Together with (2.8), we have that

UPY|a|P = Egn [UQ@/|X§* H +Egn { /t C(YVv X5, &,97) dr]

v} dr]

> Bo. [US1XS ] 4 Bon | [ CO xS g amyar]. (5.6)

s 1 .
s o | [ {1z~ on 2+ Gronp)ix
t

Letting s — T" we get

UPY|z|P > Egn

T
/ OV, X5, €5,97) d?’] (5.7)
t
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by Lemma 5.2. We are now going to show that

UpYlzl? > Eq

T
/ CYv, X8 & 0,) dr}
' (5.8)

1 .
/ L, x€war| .
. 0

2|0, XE|P dr} is infinite, this inequality holds naturally since ¢(Y:*Y, X" ¢*) is bounded

T
/ (Y, XE &) dr] ~Eq
t

T
t

If Bq |

on [t, T]. Hence, we assume w.l.o.g. that Eq [ tT |0, I™| X8 P dr] is finite. For 7 € [t,T], we have that

E [mrop ™| XE ] 2 E [B [mror 1 1XE P Foar, ||

Y

E
E [E [} | Fonr, ] 10771 1XE 7]
E

[t

The monotone convergence theorem thus yields

1 . 1 .
| glommixs [ gerixspar].
t 0 t 0

Using the boundedness of ¢(Y."Y, X.'f*,g_*) on [t,T] again, we apply the dominated convergence theorem
to get that

EQn

Pdr] 2% Eg

T
Egn V c(YTt’y,Xf*,f,’f)dr] 2% Eo
t

T
/ (Y, XE,€) dr] .
t

Letting n goes to infinity in (5.7), we obtain the inequality (5.8). Recall that J(t,y, x;£*,9*) = v(t, y)|z|?,
we conclude that ~ 3
Sy, 2 87,0) < J(ty, 287, 97).

O

Remark 5.3. It was shown that (£*,9") is a saddle point of the functional J, thus (£*,9*) is indeed a
solution of the robust control problem (2.5). However, J is not convex in ¢ for fixed 9. So the saddle
point (£*,9*) may not be unique.

6 Asymptotic analysis

In Section 2, we provided both theoretical results and numerical examples on the first order approxi-
mations of the value function and the optimal trading strategy for the model with uncertainty. In this
section, we give the proofs of Theorem 2.8 and Corollary 2.9. The main idea is to construct a super- and
subsolution to (2.11) by an asymptotic expansion around the benchmark solution and then to apply the
comparison principle [Lemma A.3].

The following lemma extends the results in [26, Theorem 2.9]. The proof is given in the Appendix A.3.

Lemma 6.1. Let 8 > 2a. Under Assumptions (L.1)-(L.4), (F.2)-(F.3), the terminal value problem
(2.4) admits a unique nonnegative solution vy in C%1([0, 7] x R%). The solution satisfies the following
estimates:

c Co

Co
T 0178 =S s

ﬁfﬁﬁ’%wemﬂxw,

|Duo| <
for some constant Cy > 0.
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The next lemma establishes the existence of a unique nonnegative solution to the terminal value problem
(2.16) and provides a priori estimates on the solution and its derivative.

Lemma 6.2. Let § > 2. Under Assumptions (L.1)-(L.4), (F.2)-(F.3), the terminal value problem
(2.16) admits a unique nonnegative viscosity solution wy in C%1([0,T] x R?). Moreover, the following
estimates hold:

0<wy <CLT =)' |Dw| < CL(T —t)V/27%/B (t,y) € [0,T) x RY,

for some constant C; > 0.

8
Proof. Set A := |o*Duvg|'T® and B := %. Let 0¢ := 1/||%|| Using similar arguments to [26,

Corollary 3.2] and [28, Proposition 3.5], we know that for (t,y) € [T — 6o, T) x R<,

L
volt,y)® 1 ISHI(T — 1)
ny)? — Tt

Hence, for 6 := %60,

B+ Duo(t,y)” 1+ 5/2

= _ d
B(t,y) = Bnly)? Z BT =1 (t,y) €T —46,T) x R*, (6.1)
and so
B+ 5 < g5 - =g <o (e 0T xRL (62)
Y BT —1) = Bo t€(0,7-4] 2(T — t) te[T—5,T) = 35 Y , . .

Using the estimates on Dvg in Lemma 6.1 along with the fact that 3 > 2«, we have that

E l/oT (A(sJ/St,y)(T — 8)1/6)2 ds] < /OT (T—i’)zo‘/ﬂ ds < 400. (6.3)

By (6.2) and (6.3), it follows from the Feyman-Kac formula [38, Theorem 3.2] that

/tT exp </ts (_B(r, YY) + ,6’(T1—r)> dr) A(s, YIV)(T — 5)1/8 ds‘|

is the unique viscosity solution to the terminal value problem (2.16) on [0,7] x R?. Moreover, we have

for (t,y) € [0,T) x R? that
T S 1
/ exp (/ — dr> A(s, YPUN(T — 5)YP ds
¢ ¢+ PO

T
< / /e C (6.4)
T (T — s)o/P

<Cy(T —t)t=/8

wi (tv y) =E

w1 (tv y) S]E

for some constant C7.

Next, we study the derivative of w;. For any e € (0,T), restricting the PDE (2.16) to [0,T — €],

_8tv(ta Z/) - Ev(t7y) - fl(tvya U(tv y)) = 07 (t’y) € [07T - 6) X Rda
(T —¢e,y) =wi (T —¢,y) y € RY,
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Since A, B are bounded on [0, T — ¢], it follows from the Bismut-Elworthy formula [22, Theorem 4.2] that
wi (¢, -) is differentiable for ¢ € [0,T — ¢] and

T—e
Dus )] <l =+ [ = (=94

+ (1B + 5 ) lun(e.1)

for (t,y) € [0,T — ) x R?. Using the estimates on vy, w; we get that

C
(T —c—1)12°
¢
=T —e—t)2

T
1
1-a/pB _ \—a/B
[Dws (k)] < w0 [ =
(T — )"~/ (T —t)"/?=/8 (t,y) € [0,T —¢) x R?,

where C' is independent of e. By letting € go to zero, we see that (by an adjustment of C; if necessary)

|Dwi (t,y)| < CL(T = )/27*/% (t,y) € [0,T) x R%. (6.5)
O
By the transformation v, = mwl, we know that vy is a solution to the equation
1)o?
~auw(t.y) - Lotty) ~ oDl + EE 00—, (ty) € 0.7) xR (6.6)

Moreover, since 8 > 2, there exists a constant Cy > 0 such that for (¢,y) € [0,T) x R?,

0<v < C1(T - t)17(1+0‘)/ﬂ < CZ(T _ t)*l/ﬁ7

6.7
|Duy| < Cy(T — )12~ (+)/8 < Oy (T — t)~Y/5, (6.7)

Armed with these estimates, we are now ready to prove the asymptotic result.
Proof of Theorem 2.8. Let ¢ be as in (6.1) and set b := M%. Our goal is to find two constants

L1 > 0, Ly < 0 such that -
1
L « 201 .
u; = vg + 0% + 0°“L; <b+(Tt)1/5) , 1=1,2

is a supersolution (i = 1), respectively a subsolution (i = 2) to (2.11). For i = 1,2,
1+ )t
— 0% 0" Du;| T + — — X

a 2c 1 A+l
('I}O"‘g Ul+0 Ll(b+ m))

:*9a|0*(D’U0+9aD’Ul)|1+Q+ 57’][3 7)\
B+1 o, B
__ pouy ok 14+« &0 + (B + 1)9 Uy U1 _ 2c Li .
= — 0%|o* Duvg| + P A+0 7B(T—t)1/5+1+11
where Z; := I? + Z} + I? and Z?,Z},I? are given by
1
Zz(') = —QQQLZ‘

FOEnREES

B+1
o 2ce 1
7l (’UO + 0% + 6 Lz(b+ m)) B ’Ug+1 + (ﬁ + l)aavgvl .

N pn’ B8P ’

I7 := 0%|o* Dvg|' T — 6%|0* (Dvo + 6* Doy )|+
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It is sufficient to prove that Z; > 0 (supersolution) and that Zo < 0 (subsolution) on [0,7) x R9.

The second order Taylor approximation around v in the first summand of Z} yields a function  satisfying
min{vg, u; } < ¢ < max{vg,u;} such that

1
o’

1

I} = 0°°L; 3
' (T —t)1/8

2
(B+ 1wy (b+ )+ #(ﬁ +1)¢7! (9%1 + 6% Li(b+ 1)1/@)) :

(T —t

The mean value theorem along with the triangle inequality also yields a constant Co > 0 such that

|Z2| < 62“C(|Duo|® + | Dvg + 0% Dv1|*)| Doy |
< HZaCrO(T _ t)(1+a)/[3
< g2 Gy el?
- (T —t)t/B+1°

STEP 1: CONSTRUCTION OF SUPERSOLUTION. Using the lower bound of vy in Lemma 6.1, we have that
for t € [0,T — 4],

n(y)” cr cr
< < =b.
(B+Do(t,y)# (T — )/AHL = (B+ )P (T — t)/8 = (B +1)cPo1/8
Set ¢ := min{%, (8 ;égfﬁ }. The preceding inequality along with the inequality (6.1) yields that for ¢ €

[O’ T)a
1

B
s+ 0 (o

1
) 2 (o)

Since the second term in the definition of Z{ is nonnegative, we have that

L1 20 éoTl_a/B
(T —t)U/B+1 7 (T —t)1/B+1°

Il Z 692a

Choosing L1 > M, we obtain that Z; > 0.

STEP 2: CONSTRUCTION OF SUBSOLUTION. Using the lower bound of vy in Lemma 6.1 again and

choosing Ly < 0,0 > 0 such that 62%|Ly|(TYPb + 1) < 5, we obtain that uy > W > 0. Different

from Step 1, an additional estimate on the second term in the definition of ZJ is needed to obtain that
T, < 0. Since min{vg, uz} < ¢ < max{vo,uz} , we see that (T — t)'/# can be bounded both from below
and above. Therefore, there exists a constant C; > 0 such that

1 1 ? C
- Bs—1 a 2007 . - 2 &1
8400 (L ) e
By the inequality (6.8) and the nonpositivity of L, we have that
L2 1 B 1 LQ
TBT oA T W(ﬁ +1)g La(b + = t)l/ﬁ) N DN
Thus,
L CoT' /8 C
2a 2 200 ~0 2a 1
Iy < cf (T—t)1/5+1+0 (T—t)l/ﬂ+1+0 7(T—t)1/5+1<0

if we first choose ~ ~
Ci + C()Tl_a/’g

C

Ly <

and then

6 < min{1, %/c/(2/Lal(TV/5b + 1))}.
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Hence us is a nonnegative viscosity subsolution to (2.11). By Lemma A.3, we then have that us < v < uj.
Thus, the desired equality (2.15) follows from

0%wy + 0> Lo(b(T — t)Y/P +1) < w — wy < 0%y + 02 Ly (b(T — )7 +1).
O

Based on Theorem 2.8 we can now derive the first order approximation of the optimal trading strategy.

Proof of Corollary 2.9. From the preceding result, we have that on [0,7) x R¢,
v — vy = 0% + 0257
where for some small 6y € (0,1) there exists a constant Ky > 0 satisfying that [39(t, y)| < (T_KW for

(t,y) € 10,T) x R, § < . Assume that § < 6 in the sequel.

The second order Taylor approximation of power function around vy yields a function ( satisfying vy <
¢ < v such that

WP — ’Ug _ 51}571(00"01 + 02046«9) + %ﬂ(ﬂ _ 1)6572(96%11 + 02(150)2
1
= 0“Bug vy + 0% (505—1@9 + 588 = ¢ 0 + 9%9)2> :

Recalling the estimates in Lemma 6.1 and (6.7), we have that on [0,T) x R?,
; Co+ C2+ Ko
- (T-pvs
I e

v s Tt ’
b1 1 (6.9)
ﬁ,1|59| < max{Cy ,c"'}Ky
= T _ t b
Co + Cy + K¢)?72,7 72} (0 + Ko)?
P2 (oy + 0°7°)? < max{(Co + C2 + ;)ﬂt’g HC2 + Ko)®
Therefore, we obtain that for r € [¢,T),
1
v(r, YEY)P — g (r, Y,EY)P = 0% Bug (r, YY) P~ Loy (r, YY) + 6220 (T — r) . (6.10)

Let

s yiy)8 Y8
o(s) ;:/ v(r, ¥, tZO(’"’ =" e >0,
¢ n(Yr¥)P

Using the second order Taylor approximation of exponential function around 0 yields a function f satis-
fying 0 < ¢ < @ such that

exp (~(s)) ~ 1 = B(s) + 1 exp (L)) (~(s)?

s 1
= / (90‘&)0(7", Y1y (r, YY) 4 0220 ()) dr
+ T—r

o) (f (om0 () o

In view of the estimate (6.9), we have that

exp (~0(s)) — 1

s _ —\? 6.11
=0 (/t Bug(r, Y1) Ly (r, Yrt’y)dr) +6%*0 (mﬂ + <1n ;_i) ) . (6-11)
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We know that the optimal strategies £*,£%* belong to L¥(t,T;R) and are given by

Yty)B yitv)B s VAL
SRR L N )
t

Togyd)s T (i) n(Y;v)s
t,y\08 S t,y\B
527* _ xUO(&f—s ) exp (_/ UO(svfr ) d’f’) )
n(Ys¥)8 t o n(YY)s

Similarly to the proof of Lemma 5.1, we obtain that

s vo(s,Yt’y)B )
— — 2T 2 _dr ) =0(T — s).
exp ( /t TI(Yrt’y)ﬁ r ( s)

Together with (6.10) and (6.11), it follows that

& -

o(s, V)7 * wg(s, Y0P oo, Y 0)? “ (s, V)"
_ U t)y; exp (=B (s)) exp <_/ O(wﬁ)dr> _x%exp <_/ O(W/B)dr>
n(Ys™) ¢ ) n(Ys™) ¢ YY)

Yt,y B—1 s Yt’y B
= gaxw exp </ w dr> .
n(Y:)# v n(YyY)P

s Tt T—t\?
((Y) (s V) [ el ¥ ) dr) L0 (1 ity (m ! ) )
p - -5

yivy o[ T—t T—t\°
— 9@ 0,% 1)1(8, s _/ Yt7y B—1 Yt,y d 92& 1 1 1
e (2O = [y oty ar) + 00 (14 T + (=

. Tt T—t\"
Te 2a
=0%,+0 O<1+lnT_S+<lnT_S>>.
where £ is defined in (2.18). Hence, we conclude that

* _ ¢0,% _
lim i =¢, locally uniformly on [t,T).
6—0 0

The fact that & € L% (t,T;R) follows from the estimates in Lemma 6.1 and (6.7) that imply that

~ Yty T
sup |&| < sup BEY* uls %7 Sty) +/ vo(r, Y0V P~ Loy (1, V1Y) drr
s€[t,T) s€ft,T) ”U()(S, Yy’ ) t

C B T
N Y ey

= 816 o (22 4 maxCg 7T 1) < o0

A Appendix

A.1 Comparison principle

In this section, we state and prove comparison principles for solutions to PDEs with superlinear gradient
term. Both finite and singular terminal values will be considered. We refer to [32] as an important

reference for PDEs with superlinear gradient term. Let us now consider the general PDE

{_atv(ta y) - Ev(t,y) - H(y7 Dv(tay)) - F(ya U(t7 y)) = 07 (t’y) € [07T) X Rda
’U(T, y) = ¢(y)7 Y € Rd.
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A comparison principle for such PDEs is obtained in [32] under a Lipschitz continuity assumption of F
on v. This condition is not satisfied in our case; we only have monotonicity. Additional assumptions
on the solution are thus required to establish a comparison principle. However, we can make a weaker
assumption on the coefficients than (F.1) and (F.2).

(F.4) The coefficients 7, A, 1/n : R? — [0, 00) are continuous and ) is of polynomial growth of order m.

We first introduce two subsets of functions having superlinear growth. For a given r > 0, a function
h: I xR — R? belongs to SSG* if and only if

+
lim inf hit,y) > 0.

lyl—oo  |y|”

Notice that h € SSG, (resp., SSG,.) if, for any & > 0, there exists C. = C.(h) > 0 such that
h(t,y) > —ely|” — Ce(resp., h(t,y) < ely|” + C.), (t,y) € I x R%.
We define SSG, = SSQ;!r NSSG, . Notice that h € SSG, if and only if

lyl—oo  |y|"

=0

for every t € I.

Proposition A.1. Assume that (L.1)-(L.3) and (F.4) hold and that ¢ € C,,(R?). Let v € LSC([0,T] x
R4 N SSG and v € USC([0,T] x RY) N SSG,, be a nonnegative viscosity super- and a nonnegative
viscosity subsolution to (A.1). Suppose that there exists C' > 0 such that for all (t,y) € [0,T] x R,

u Tt y), 0Pt y) < CnPy) (y)™ (A.2)

Then,
u<wv on [0,T]xR%

Proof. STEP 1: LINEARIZATION. For p € (0, 1), it is easy to verify that ¥ := pv is a viscosity supersolution
of the following PDE:

Dﬁ(t,y)) le)(t,y))

— 00(t,y) — LO(t,y) — pH(y, - pF(y, p
o(T,y) = pd(y), y € R%

In what follows, we show that w := u — ¥ is a viscosity subsolution of the following extremal PDE:

= Oa (tay) € [OvT) X Rd7

~duu(tyy) ~ Lulty) - () CH D - (1= ) [A@) + EECW" =0, (A3)

for (t,y) € [0,T) x RN {w > 0}.

Let ¢ € C2([0,T) x R?) be a test function and (£,7) € [0,7) x R N {w > 0} be a local maximum of
w — . We may assume that this maximum is strict in the set [f —r, ¢+ 7] x B,.(y) C [0,T) x R? for
small r € (0,1); we choose [0,7] x B,.(g) if t = 0. Let

|z —y|?

O(t,x,y) = 52

+¢(t,y)

and

M, = max u(t,z) —o(t,y) — ®(t,z,y)).
: té[t_—rf+r],m7yel§r(z7)( (t,) &) ( y))
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This maximum is attained at a point (¢, z.,y.) and is strict. We know that

— 2 — —_ —
[z 5 el — 0 and M, — u(t,g) —0(t,5) — p(t,7) as e — 0.
13
We now apply [16, Theorem 8.3]. In terms of their notation we have that k = 2,u; = w,uy =
—0,(t,z,y) = ®(t,z,y). Moreover, we recall the property that P?~(9) = —P>+(—0). Then, setting

pe = ==Y we have that

axq)(taxsvys) = Pe,
_ayq)(tsaxsvye) =Pe — D‘P(ts»ys)

and that

I I
A — DQ(I) t , Te, — ( € e ) .
( ey Le ye) _1 £+D230(t57y8)

€

From this we conclude that for every ¢ > 0, there exist a1,az € R, X,Y € S% such that

(a17pE7X) S 7527+U(t5,$5), (a’QapE - D(,O(tg, yE)’ Y) € 752’7{)(t67y8)7
such that ay — ag = P (te, 2, ye) = i(te, xe) and such that

1
_(Z +|AINT < ()o( _OY) < A+0A% (A.4)

From the definition of viscosity solution, we obtain that
1 *
—ay — b(x)pe — §tr oo™ () X] — F(xe, u(xe)) < H(xe, pe)

and that

0(y)

— 2 = b(ye)(pe — Dite,)) — 5t lo0” ()Y ] — F (e, 22

De — Dg&(ts, ys) )
P
Subtracting the two inequalities, we have
- at‘Pt( eays) + b(ys)( DQO( s7ye)) - b(zs)ps
1 1
+5tr[oo™(ye)Y] = Strfoo™ (z:) X]
(ye)
+ pF (Y, P ) = Flae,u(ze)) < H(xe, pe) — pH(ye,

ZPH(ysy

De — D‘P(tev ya)

).

We are now going to estimate the terms involving the drift, the volatility, and the functions F and H
separately.

e Since b is Lipschitz continuous,

b(y=)(pe — Dp(te,ye)) — b(we)pe = —b(y:) Dp(te, ye) + (b(ye) — b(z:))pe
> —b(ye) Dp(te, ye) — O Hae — yel*.

e In order to estimate the volatility term we denote by (e;), ., ; the canonical basis of R, By using
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(A.4) and the Lipschitz continuity of o, we obtain

tr|o

0" (ze)X] — troo”(ye)Y]

d
(Xo(ze)ei,o(xe)e;) Z (Yo(ye)ei,o(ye)e:)

&
I Mm.(
N

IN
.Mm

<
Il
i

(DPglte,ve)oye)es, o(y)es) + = lo(ee) = o(y)l? + ()

<tr

—

- L
00" (ye) D*(te, ye)| + C%e e — yel* + ()
where w is a modulus of continuity which is independent of ¢ and .

e We now estimate F := pF(y., %) — F(x.,u). To this end, we first observe that

u(tay xe) - 'D(tsa ye) - SD(t@ ys) Z ME Z ’U,(E, g) - ’5({7 g) - SD(TH :‘7)
Since (¢,7) € {w > 0} and ¢ is continuous, we can fix  small enough to obtain that
u(ts; zs) - 17(15572/5) > 0.

Recalling the definition of F in (2.10), the fact that F(y,-) is decreasing on Ry and the fact that
p(1—p?) < (14 B)(1—p) for 0 < p < 1, this yields

~ v

F = pF(ye, ;) = F(ye,u) + F(ye, u) — F(ze,u)
|u|/5+1 s |1~,|/3+1

Bn(y)? " Bu(y)?

> (p = DA(ye) +

— wr(|Te — vel)

= (o DAy + A I
: Bn(ye)?  Bnly:)? (A.5)
ol

—p(1— )677( ) —wr(|Te — yel)

1—p)A 11 g — g
~(1= )N = 1+ A1 = p) g — e = ve)
~(1= p) [\ + 52O | wallee ~ b

where wg denotes the modulus of continuity with R := |g| + .

o We finally estimate H := H(z.,p.) — pH (., %ﬁ“ys)). By convexity, we have, for z;, zp € R?,
that
29 21 — 22
21| = p| =0 < (1 = p) | =

< 1=,
Hence,
pe — Do(te, y
H($67p5) - pH(y57 E—(EE))
_ _ a+1
<(L—=p)o® o (we)pe "(yi)(l’e Dep(te, ye))
P
1 - PN—aAa o
<50 (1Dl )|+ (e = el - o)™

where (L.2), (L.3) are used in the last inequality. If necessary, we can choose C large enough to
satisfy that %|o|ot! < Cotl.
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Denoting a generic modulus of continuity independent of ¢ and £ by w, we thus get

- 8t50(ts7y6) - E@(tsays) - (%)7Qéa+1|D@(ts,ye)‘a+l
~ (1= p) |\ + O™ <) + el ).

Letting first ¢ go to 0 and then sending £ to 0, we finally conclude the desired viscosity subsolution
property of w.

STEP 2: SMOOTH STRICT SUPERSOLUTION. We are now going to construct smooth strict supersolutions
o (A.3) on [T — 7,T) for some small 7 > 0. To this end, let

P(t,y) = (1—p)Cly)me T

where L, C' > 0 will be chosen later. Since A, ¢ € Cp,,(R?) and u € S8G,,,([0,T] x R?), we choose a large
enough constant C' such that for { = A, ¢

(y) <Cy)™, yeR?,

Iy

and such that -
u(t,y) < Cly)™, (t,y) €[0,7] x R%. (A.6)

Note that
D(y)™ =my)" %y, D)™ =m{y)™* ()°I+(m—2)y®@y).

Since b, o grow at most linearly,

L(t,y) < (1= p)Ce" T [C(1 + [y D(y)™ |+ C*(1 + [y])?[D*(y)™]
< (1= p)CeT=D [2mC(y)™ + 2m(m — 1)C* (y)™]
< [2mC + 2m(m — 1)C?*|y(t, ).
Recalling that (m — 1)(a + 1) = m, we have

1— _
(=52 Co Dyl y) |

1-— _

_ ( 5 p)—aoa—i—l . (1 _ p)a+lca+le(a+1)L(T—t)|D<y>m|a+1
S [2amo¢+léa+l CozeozL(T—t)]dJ(t, y)

By condition (F.4),

1428 -
C m
3 (y)™ <

Choosing C' > max{2mC + 2m(m — 1)C?,20m+1Cat!, %C’}, we have

1+28
B

(1-p) {A(y) + HBBCA(W”} <(1-p) gw(tvy)

~0ult) ~ Llt) — (D) DU - (- ) [ + P e
> (t,y) [L —C—1- CotlealT-t]
Then taking L > C + 1+ C**le, we get
~0u(t) - £0tt.) - (50 C DU - (=) [ + EECw)] >0

for all y € R and t € [T — 7,T), where 7 = 7.
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STEP 3: CONCLUSIONS. Since w € USC([T —7, T] xR4)NSSG,,, the function w—1) attains its maximum
at some point (t,y) € [T — 7,T] x R%. We claim that t = T. Indeed, suppose to the contrary that £ < 7.
Then, since w is a viscosity subsolution of (A.3), by taking 1 as a test function,

148 .

0 (t,y) — Lo(t,y) — (I;J)‘O‘C““Il?w(t, NPt = (1 —-p) [Ay) + TC@)’” <0.

This contradicts the fact that ¢ is a strict supersolution. Thus, for all (¢,y) € [T — 7,T] x R4,

w(t,y) =Yt y) <w(Ty) —¢(Ty) < (1-poy) — (1 =p)C{y)™ <0

where the last inequality follows from C' > C. In particular, w(t,y) < 1(t,y). Letting p — 1, we get
u<von[T—7,T]x R4

The preceding argument can be iterated on time intervals of the same length 7. Indeed, let us choose
C,L,7 as in Step 2 and put
b(t,y) = (1= p)Cly)me T

on [T — 27, T — 7]. It follows by (A.6) and the previously established inequality « < v on [T — 7,T] x R¢
that for all y € R,

w(l —7y) =u(l —7y) —o(T - 7,y) < (1 - p)u(T —1,9) < (1= p)C{y)™
Following the same arguments as above, we obtain that for all (t,y) € [T — 27,T — 7] x R%,

w(t,y) = y(t.y) Sw(T —71,y) = (T —7,9) < (1 - p)Cy)™ — (1= p)C{y)™ < 0.
These arguments can be iterated to complete the proof. O
Remark A.2. Tt is worth noting that the constant €' in (A.3) is exactly derived from the upper bound of

v in (A.2) when estimating F" in (A.5). We show below that using the constant derived from the upper
bound of u instead is also feasible. To this end, we estimate F' in the following way:

F=M%%%ﬂ%@ﬂﬂ%% wmé)
|u|ﬁ+1 _s |7~}|ﬁ+1

In the last inequality we used the facts that u’+1(t,y) < CnP(y)(y)™ on [0,T] x R? and p=F — 1 <

(84+1)(1 = p) for p & (") 7. 1),

The next lemma establishes a comparison principle for continuous solutions to (2.11) when imposed with
a singular terminal time. The proof uses the shifting argument given in [26].

Lemma A.3. Assume that (L.1)-(L.3), (F.1) and (F.2) hold. Let m be as in condition (F.1). Let
0,7 € Cz ([0, T7]xRY) be a nonnegative viscosity sub- and a nonnegative viscosity supersolution to (2.11),
respectively, such that

lim ©(t,y) = +o0o locally uniformly on R,

t—T

Then,
v<T in [0,T) x R%.

In particular, there exists at most one nonnegative viscosity solution in Cyz ([0, T7] x RY) to (2.11).
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Proof. Due to the time-homogeneity of the PDE in (2.11), viscosity (super-/sub-)solutions stay viscosity
(super-/sub-)solutions when shifted in time. For any § > 0, we define the difference function w :
0,7 — §) x R — R by

’U/(t, y) = Q(tv y) - pﬁ(t + 57 y)

Under assumptions (F.1) and (F.2), we have that v, 7 belong to S§G,, and satisfy the condition (A.2)
in Proposition A.1 on [0,T) x R%. Hence, we can use the similar argument as in the proof of Proposition
A.1 to obtain that w is a viscosity subsolution of the following PDE:

“duulty) - Lultyy) — (5 CHDU (1) @) + P Owm =0, (4

for (t,y) € [0,T — ) x R*N {w > 0} and . li%n 6w(t,y) < (1= p)u(T — 4,y) for y € RZ. In fact, Remark
ST—

A.2 shows that we can get around the difficulty of the singularity of v(- 4+ d,-) at time ¢t = T — § in
this step. Following Steps 2 and 3 in the proof of Proposition A.1, we have that v(¢,y) < (¢t + 0,y) on
[0, T — 6] x R%. Finally, by letting § — 0 we conclude that v <7 on [0, 7)) x R? by continuity of .

O
A.2 Proof of Proposition 3.1
Under assumptions (F.1), (F.2) and (3.2), the functions (t,y) — (T —t)"/Bu(t,y), (T —t)Y/P7a(t, y) satisty
the condition (A.2) in Proposition A.1. Let us fix p € ({’/ %, 1) and consider the difference
2
w:=u—pu € USCyx([T — 6, T7] x RY) € 88Gm ([T — 8, T7] x RY).

The proof of the following lemma is similar to that of Proposition A.1.

Lemma A.4. The function w is a viscosity subsolution to

1— _
— yw(t,y) — Lw(t,y) — (T[))_"‘Co““IDwIO‘Jrl — 1t y)w(t,y)

. AL9)
1+ Cym™ (
—(1-p) A0+ (T_i)i =0ty elr -1 xR
e Fly.u(t.9)) = Fly. lt.9)
L Y,ull,y)) — Y, pull,y _
Ut,y) = u(t,y) — pult,y) Lue.y)pu(t.y)-
The next lemma constructs a local smooth strict supersolution to (A.9).
Lemma A.5. There exists L,C,7 > 0 such that
eL(T—t)C<y>m
t =1-p)—
x(ty) = (1-p) DR
satisfies
1- —a o a 1+ lﬂ
T = =00t,) = £x(t,y) = (=5 5) 7 Co DX + St y)
148 Clym (A.10)
~(-p) M) + Wl >0 ) e T nT)

8 (T _ t)1/5+1
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Proof. Set 1(t,y) := (1 — p)e T~V C(y)™. Analogous to the proof of Proposition A.1, we have

Y(t,y)

Lx(t,y) < [2mC + 2m(m — 1)6’2}m,

1 _ _ —
I ] e T
1+8  Cym c 1+8C  4(t,y)
(I—=p) |Ay) + B (T —t)l/p+1 < 5w(t’y) + 3 C(T —t)l/p+1"

Choosing C' > max{2mC + 2m(m — 1)0?,20m+1 0ot 8%@}, we obtain that

Ly 4 Cy a+1 aL(T—t) (U
I >(T_t)1/,6’ _ﬁ(T_t)l/ﬁﬂ - (T—t)l/ﬂ -C e m
L+ 48 v
T BT —pEn Y TV T s o e
L-C—_TY8 1_ 80a+16aL(T7t)(T _ t)lfa/ﬁ
>t

(T —t)1/8 * 8(T — t)1/B+1

Taking L > C + T%# and then choosing 7 = min{-L-, (8C*tel)(@=A/2} we get J[y] > 0 for all
(t,y) € [T —7,T) x R 0

The following lemma is key to the proof of the comparison principle.

Lemma A.6. Let 7 be as in Lemma A.5. The function
®(t,y) == w(t,y) — x(t,y)
is either nonpositive or attains its supremum at some point (t,7) in [T —7,T) x R%.
Proof. Suppose that the supremum of ® on [T'— 7,7T) x R is positive and denote by (tz,yx) a sequence

in [T — 7,T) x R? approaching the supremum point. For the choice of C' in Lemma A.5, n(y) < C(y)™
for all y € R, Thus, the representation

“ _1/8 o _p1/8 . _ "
,(t,y)éjﬁlt) P (t,yggzh t) } )™ — (1 — p)eXT=DCy)

(T —t)Y/5 ’
along with Condition (3.1) and the fact that m < m yields

O(t,y) = [

lim sup ®(t,7) = —oco, uniformly on R
t—=T

Hence liin tr < T. Furthermore, lilgn lyi| < oo because w € SSG,,,. As a result, the supremum is attained

at some point (¢, ) because ® is upper semicontinuous. This proves the assertion. O]
We are now ready to prove the comparison principle.

Proof of Proposition 3.1. STEP 1: COMPARISON ON [T'— 7,T). Let 7 be as in Lemma A.5. We claim
that the function ® introduced in Lemma A.6 is nonpositive. It then follows that w < % in [T —7, T) x R?
by letting p — 1. In view of Lemma A.6, we just need to consider the case where ® attains its supremum
at some point (£,7) € [T — 7,T) x R%. Since x is smooth and w is a viscosity subsolution to (A.9),

1

— Ox(t, ) — Lx(E,7) — (%”)‘“C‘O‘“IDxIO“+1 — Ut y)w(t, )

1+8  Cly)™
g @—nue) ="

(A.11)
—(1=p) | M)+
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By the mean value theorem and in view of condition (3.2),

_ Fy,ult,y) — Fly, pu(t,y))
Hhy) = u(t,y) — pu(t,y)

iB+1
< 0uF(y.p| 2;:1 (TZ(Z;))UB) (A12)

u(t,y)#u(t,y)

PR
S TRT )
Thus, comparing (A.10) with (A.11) yields
1
HED00) > ~ 5t (E0) 2 (EDAE D), (A.13)

Since [ < 0, we can conclude that ®(f,7) < 0, and so ® < 0.

STEP 2: COMPARISON ON [T'—§,T). If 7 > ¢, then the proof is finished. Else, we can proceed as follows.
From the condition (3.2),

Since we have already shown that u(7T — 7,-) < w(T — 7,-), an application of our general comparison
principle [Proposition A.1] shows that u <@ on [T — 6,T) x R%. O

A.3 Proof of Lemma 6.1

The existence of a classical solution vy to (2.4) along with the stated estimates on vy has been proved
n [26]; the gradient was not given in [26]. In what follows we analyze the C%! regularity of vy under
weaker assumptions. As discussed in [26], we can plug the asymptotic ansatz

3

y) | ult,y . .
(T —t,y) = % + t1(+1//2’ u(t,y) = O(t?) uniformly in y as t — 0. (A.14)

into (2.4) and consider instead the PDE

{&gu(t, y) = Lu(t,y) + f(t,y,u(t,y)), t>0,ycR? (A.15)

u(0,y) =0, y € R

where

[t y,u) == tLy(y) + P A(y) — n(ﬁy) 2 <BZ 1) (tn?y)y '

We now show that this PDE admits a mild solution in C%1([0, 8] x R?). To this end we consider the
space
E = {ue Gy ([0,0] x RY) « [lu(t, )|l + [[t/2Du(t, )|l = O(t?) as t — 0}

endowed with the weighted norm

lulle = sup ([t u(t,y)|
0<t<4, yeR?

and define the operator

Iwwmzéaﬂmwwwmwm
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Let R > 0 and ¢ € (0,c/R]. Using arguments given in [26, Section 4], we see that for every u in the closed
ball Bg(R) :={u € E : ||lu|lp < ¢/}, the function f(-,u(-)) belongs to Cy([0, 6] x R?). In particular, the
map I' is well defined on Bg(R). Moreover, there exists a constant L > 0 independent of § such that

|f(t’ yau(tvy)) - f(tvya U(ta y))' < L|u(ta y) - U(ta y)|a u,v € BE(R)v (t7 y) € [075} x Rd'

Now we are ready to carry out the fixed point argument.

Let B(a,b) := fol 74~ 1(1 — r)>~1dr be the Beta function with a,b > 0. We choose
R =2(1+ MBo) (| Lnll + [IAD),

and
§ = min{c/R, (2L(1 + M By)), 1},

where L > 0 is the Lipschitz constant given by Lemma 4.5 and By := B(2, 1), B; := B(3,1).

Let u,v € Bx(R). For (t,y) € [0,6] x R,
INM@M—TWWWM=LAf%Jﬂ&vw&ﬁ—fﬁmwadmm%
SAIU@wM&%—f@mvwdwﬁ
sALw@mw@ww

< Lt |lu — vl ds.

Similarly,
|DT[u](t,y) — DT[v](t, y)| = / DPF_s[f(s,uls, ) = f (s, v(s,-))](y)ds
<ot [ o IQWL,LN—N&MwW%
/ ML 1/2 (s®|lu—v|g) ds
< 5t3/2MLBl|u —v||s.
Hence

D] ~ Tl < glhu— vlle

To show that T' maps Bg(R) into itself, note that § < 1 implies s* < 1 for all k > 0 and s € [0, 4].

Hence, for every t € [0, d]
¢
/ Ptfs[f(& 70)](y)d8
0

t
< / IsLn + sPA|| ds
0
< E(|1Lnll + IM)

01(t, )l =

and

\DFWKLMIZ.A-DB—JEﬂ&anwds

t
1
- p
g/o = S)l/QMHs£n+s Al ds

< *2M By (|| Lyl + |IAll)
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Thus,
ITlullle < IT[u] = T0]le + [T0]]le < R.

The operator I' is therefore a contraction from Bg(R) to itself. Hence, it has a unique fixed point u in
Bpg(R). We conclude that Equation (A.15) admits a mild solution in C’g’l([(), 5] x RY).

In view of the ansatz (A.14), v is a solution to (2.4) in C’g’l([T —6,T7] xR?%) and there exists a constant
C > 0 such that for (t,y) € [T —§,T) x R?,

C

| Dug| < T

The C%!-regularity of vy along with the boundedness of Dvy on [0,7 — §] x R? can be obtained
by [12, Theorem 15]. To conclude, for a constant Cy > 0,

Co

| Dvg| < ma

(t,y) € [0,T) x R™ (A.16)
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